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9l Substitution of Eq. (2-11) into this inequality yields the condition for J
stability:
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If Cond. (2-15) reduces to a simpler one: P, V, Is a stable point if
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Since Cond. (2- 16) PI——TTT ly satisfied, Cond. (2-17) is useFu} " A situation

in which P] is a state of lnstab:luty is ;Hustrat_ed in Fig. 2-2.
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Figure 2~2
Comparisén of Slopes at a Point of Instability
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IHl. Thermodynamic Functions in the Coexistence Region

We are concerned here with instabilities which may arise when the

Hugoniot curve intersects a phase boundary and the compressed material is

forced into the coexistence region or on into a second phase. Bethe (2)

has shown that such a point may be a point of shock instability.

We restrict consideration to materials which transform isothermally

Transitions will be classified

| PR N

to a higher density form when pressure is applied,
according to the sign of dP/dT in the coexistence or mixed phase region and
the sign of dS/dT on the phase boundary; procedures for constructing adiabats

and R-H curves in the mixed-phase region are described, some general properties

of solids,

are derived,

Although interest here is centered primarily in polymorﬁhic transitions

and some examples are treated.

there is no difference thermodynamically between these and the

transformations of melting and vaporization; all are governed by the Clausius -

Clapeyron equation in the coeexistence region. This will henceforth be

designated '"C-region'' or ''C-R", and thermodynamic quantities in the C-region

will be denoted by a subscript "M''. [t is also assumed that isothermal

changes safisfy the Gibb%s condition at constant P and T.

In Section Ill-1, a classification of transitions is made according to

the sign of dP/dT and dS]/dT, where the subscript '"'I'' denotes changes along
the boundary between the less dense phase, denoted as phase cne or Ef], and
the C-region; and relations between the phase boundary, the adiabat in ﬂﬂ and

the isotharm in fI ére derived. In Section [l[=-2 the slopes of adiabat and

. 3

Hugoniot in the C-region are derived and some relations at the boundary are
established. |n Section [l[-3 some properties of adiabats and R-H curves are

discussed, as is the stability condition. For simplicity we assume the region

of interest to be far from a triple-point,
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1. Properties of Phase Boundaries

The basis for conventional thermodynamic treatment of phase transitions
is the assumption that extensive thermodynamic properties are mass-weighted
averages of properties of the two components, i.e., phases. Examples of
such are entropy, specific volume, and Gibbs free energy, all of which depend
on ;mount of ma;erial, and';o vary throaghout the C:region. Pressure and
temperature can be simultaneously constant during a phase change because they
are intensive variables; their values do not depend on the amount of material
present.

The mass-weighted relation for extensive variables comes directly from

the conditioq;that P and T are constant in the C-region and that surface

. - .

enérgies can be neglected. Since dP = dT = O, then dG = 0 = gidM] + gszz,

where dM, is the amount of mass which goes into phase 1 and dM2 is the amount

1
which goes into phase 2 in the contemplated change. But -dM] = dMB = dX,

so g m g,. Here X denotes the fraction of mass that has transformed from
1 2

phase 1 to phase 2 (Fig. 3-1).

Figure 3-1
Definition of the Transition Parameter X
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With this definition of X, the specific volume at point Q of Fig. 3=

Vowo XV, + (1 - x)v1

w V. o+ XAV, 1 0&X%] (3-1)

1

whare v, is specific volume at point B of Fig. 3-1, VB is its value at point E, ‘ :

and . A

o V] £?<O (3-2) k)
{
Then for constant T, we have
dV = AV dX ; dT = O (3-3)

Other extensive variables such as H, S, E, are

H = H, + XAH (3-4)
S = S +XAS (o) 1 5
E = E, + XAE (3-6)

'Tgmperature on the phase boundary ABC of Fig. (3-1) will be found from the

Clausius=Clapeyron equation:

dP/dT = AH/TAV = AS/AY (3-7)

T =T ‘S(AWAS)dP - ‘S(aT/dp)dp (3-8)

Phase changes are commonly studied under.static or quasijstatic con-
ditions in which either P or T is held nominally constant and the other
quantity is slowif,varied through the phase transition. The results of such
studies are cqmp]ete when a curve P(T)ireprésenffng the phase transition is
obtained, along with AV(T). Dynamic processes are usually other than_isothermal,

and this fact leads to the necessity for investigating the geometry of phase

boundaries, coexistence regions, adiabats and R-H curves in the $-T and P~V

planes if the relations between phase transitions and wave propagation are to

be understood.



We consider first phase boundaries in the S-T plane, and we restrict

discussion explicitly to those materials for which

%
AV > 0 (3-2)
(Bv/ 3T)y > O (3-89

Here the subscript ”P]” denotes a coefficient at constant pressure in ‘fI
evaluated at the boundary between Yl and the C-region. A derivative written
with a block '"'d", having subscript '""l'"" on the variable in the numerator,
denotes a derivative along the phase boundary between Y1 and C-R. Subscripts
2" have analogous meanings for j92 and its boundary with the C-region.

The rate of change of entropy along the phase boundary can be expressed
as C}SI ) ( S5 ) 4 (/ 2> S éi_f?

‘J_T'— - r A (3-10)

__f’_/ ar
T R /"/T

The transformation from Eq. (3-10) to (3-11) is made using a Maxwell relation

(3-11)

and the definition of specific heat at constant pressure. We assume that

Coy > 0 (3-12)
then, with Cond. (3-9) we see that, if dP/dT < O, then dS]/dT > 0. We
label this a transition of Type 1. [If dP/dT > 0, then dS]/dT may be either
positive or negative, depending on the magnitude of dP/dT. We label these

transitions Type 2 and Type 3, respectively. These classifications and their

properties are summarized in Table [.



Table |

Classification of Polymorphic Transitions

AV < 0, (BV/BT)P} > 0, C,y >0

Type of ,

Transition dp/dT AS ds,/dT [Ppl/flaT/GV)p|(dT/dP)
I £0 >0 50 BT
2 >0 <0 >0 > 1
3 >0 <0 <0 <1

The slope of the second phase boundary comes from the identity

dS: _dS. _ 4dlss) _ d(an/7) (3-13)
A7 dT ia aT

| f AH/T2 increases with T, then dSE/dT > dS]/dT and vice-versa. fit is
unfortunate that knowledge of most phase transitions does not include the
sign and magnitude of this derivative. 1t will be neglected in most of what
follows.

From Table | it is possible to construct schematic representations of
the geometry of the phase boundaries in the S-T plane. These are shown in
Fig. 3-2. For Type 1, Fig. 3-2a, 2 lies above and to the left of 41 since
AS > 0; consequently temperature decreases along an adiabat AC traversed
from 1 to ffz. Type 2, shown in Fig. 3-2b has the relative locations of f1I
and 2 interchanged, AS 4 O and T increases from {1 to 2 along an
adiabat. Type 3, Fig. 3-2c has phase boundaries of negative slope, 991 is
above and to the right of 2, and T decreases from Y1 to %2 along an
adiabat.

Bridgman (7) has noted that dP/dT for polymorphic transitions is

commonly the order of 50 bars per degree Centigrade; i.e, transitions of



Figure 3-2
Relative Positions of Phase Boundaries in $-T Plane; AV < O
a) Type 1: dP/dT < 0, AS > 0O dS/dT > O
b) Type 2: dP/dT >0, AS (£)0 ds/dT > o
c) Type 3: dP/dT >0, AS < O ds/dT < 0

o /¢
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Types:2+and~3:arg mare common than those of Type 1. Slater (8) points out

that this is to '-he_‘ expected since increases in entropy are normally associated
with increa__s.gga-i-n'-vo}liume. He goes farther to show that, if AS/AV is

identified with (asza,v:)T for a single phase, we have

(as/av); = [Mc/v (3-13)

Where, " is the Gruneisen constant and CV is specific heat at constant volume.
For C, = 3R per mol, ' = 2andV = 10(cc/mel,

AS/AV = (aS/aV)T = 50 bars/°C (3=14)

g e arrive-at the ex-

s, . C ¥
Lox E[-L703)]

Taking " = 2 and (.I/V)(‘QV/STI)P 4 3 x 10-1!', we conclude that

Using Eq. (3=13) in Eq. (3-=11) and equating Cp to C

pression

as,/dT % (com) [1- 0.6 x1073 7] (3-16)

for [110_5.1:. solids. Thys, excapt for very high temperature transitions, we-will
normally ‘expect Typg 2 to pr.ava.il.

Incidentally, the above c]',assifi_,ca_tlo_n suggests a fourth Type in which
dS/dT is ‘negative .with 302. above‘” ‘~_-f71, t_h'i=srco‘r~re,qunds to AV > 0, which is
a case of no interest at present.

A procedyrs for determining the relative dispositions of the pure
phase ‘regions and their boundaries in-the P-V plane is suggested-by a cal=-
culation in Reference (2). Considering specific volume to-be a function of

P and T, we have

(ﬁ)ﬂ ) ( QP)T‘I- 2T )ﬁ 2-R/s1. (3-17)



For-CSTA&?}

s1?
S
2.2 — >V
. S (?P)’F' :'"l"(—f?ﬁ)O
RO ( 22 ) Cri
27 /€| (3-]9)
The. ingquality follows from. Conds. (3-9) and (3=12) and implies that
(av/aP)g, > (3v/aP), (3-20

Canversely, this inequality Implies that of Eq. (3-19). Egs. (3=17), (3-18)
and (3-19) then imply the following relations among dV,/dP, (3V/3P), and

_C@yé@g)T] for the three types of phase translitions described In Table I;

Mg'—a]{-?(o. AVi ¢ () <'PV").

= ) AP 9.0 /T P si o
e vy 4P L
fq-:f;>0)%rs;}>dz %E?'>(5'7>P._lal*r

o AT /dp > (PT/AP)s  and

au 5 (3%), > (B

"‘T/J RCEA
Gy Lot Cpy PV dfp
%% @, 2?7<0J T?'< (}TL/AT
T -y
o 5%%5 < ( E;ﬁa 51
I T S 1 |
= )51 TP ( 2P )l . (3-23)

These relations are?dascribed—in'Figs. 303. For Type Z,dvl/dP‘may be positive;
for ‘the others it-mu§$>hﬂ;neggtjve;ifnﬁguéiﬁjs;agdh(QV[ang.are both negative.
mbﬂxslopgApf'thgbsggonévﬁhase;bgyadagyiisrobtqinqdvfrom the definition
=V, = AV = f(P) < O. Then
dVo/dP: = dV/dP + d(4V)/dP

{ F o g
.E_,tfz‘ = —,d_—f—/zm.-‘;ﬁfav:)- ' 2 A
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Figure 3-3

Relative Slopes of [sotherm, Phase'Boundary,
and Adiabat in P-V Blane
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phase line in the niane, dP/dT &£ G5 it is the projection of the

cylindrical surface of the coexistence region, OFB 3 orto the P-T nlane,
B0 is the projection of 3" I grito the P-¥ plane, ete.
The three types are surmarized graphicslly in the P=V and §-7 plames

in Fig 3=6. Since adiabat ord isotherm have almost the same siope in sclids,

one would expect Type 3 to be very rare, 35 was indicated by Eq. (3-16).

2. Adisbat ard lugeniot in the C=Region

We first cbtain an exprassion tor the ediabat traversing the
cocenisterce region in the P=V plane. Referring to Fig. 3-7, we wish to
cateculate the volume at poirt €, pressure P, which has the same entropy as
polnt A on the phase boundary. .o osder to do this we compute the entropy at

€ by integratiog 2long ABC and setting S. - SA = 0. The resulting equation
o

92 .‘Cf !
8 trwvwx @i

9

=

1/ -

Figure 3-7
Adiabat in the Coexistence Region

can be diffarentiaved and solved for ihe sdiasbatic slope at C; i.e.
L]

3
S, -5, = O = { [45,/dP)dP + X AS (3-25)
o Jd A

wnere S8 = 32 - S} evalusted at P = ?Pu Henceforth the quantities at B
i3

and 8 are denscted by subszripts U1 oand T2 gquanmtities at the boundary point A

will be denoted by subscript AV,



o= ®{P) - L= (Y, - vg) (3-26)

Combining £as. {3-25) and {3-25):

(48, /dP)dP  { AS/ ayviy - "’33 = O (3-27)

DitFferentiate this to chtain
dS’Jf%r(lv) - &l */Vi/t)é(%):o
%y V}_ of/sm Ar A * {3-28)
Here, es oevore, total derivatives refer to variations along the phase
boundary sdjacent to phase 1. Al gusstities are functions of the pressure P,
and the subscript IM means znircpy is Zomstant and the quantity is evalusted

in the mixed phase region. feeall that AS/AY = dP/dT and solve for the

adishatic derivative:

/ A5 dP
BRI ASY NEY )
= ¥ e it Ty G _
1 50 Jsm Ap Af AP (3-29)
This is the recuired adiabatic slope ™o derivatives dv]de and dsi/&P
are given by Eas, {3-13) ard {3-307 tollcwing:
- 0‘“,"
ASi - fié)) I~ E?§ ) T
de N flry N QT/A 4 (3-30)
(), 4 Coo 47
= 7 o7 If T dg N
{3-31)
Substitution of Zgns. [2-18) snd {3~31) into Eg (3-29) vields
y \ 2V e (‘g n’/;!_}- _ (,P,l il W
E A (5e)e 1 2 27 lpp AP T U dp

a

d
- (v-v) ar (f,EL ;Iéf (3-32)



Eq. {3-32} applies to an arbitrary point is the coexistenve regiom. At the
boundary of phase 1, ¥ = Viy and it i saen thet a discentinuity In Lhe

adiabatic slope exists, as shown by Bethe (2); {.,e., at the phase bousdary

AT Ca ATy
?V) VAR z*avg = Lo 2]
0P IS M { T i 205 Tif dp T (E’J’;

50l

1l
-

PRy 5 o /Yy
= Geke 7 Cor N 2700 (3-3%)

where the subseript S8l refers to the mixed phase side at the phase boundary.

Subtracting the firsz of these from the second vields

~ i VAR , .
g e ) ('—3_ I’SM) Cor L 97 /¢4

]

{3-35)

Lonsequencly there is always a discortinuity in the adiabatic slope at the

phase bDoundary, excent whea {DT/QP) = dT/dP; ard the slcpe of the

§1

adiabat [ the pure phase is always siespor than that in the mixed shase, i.e.

L ISR BLC T {3-35)

-

The relation of {aVIQP,rﬁi to other slopes at the phase boundary can

be deterrined vor the three Types or :-snsition as folliows:

3

Type

RNezording to Eas. {3-18) uamd {2-33),

w) ¥ ay) 4T e 4ee
SPkﬂi de oT ipy dp 7 \ P/ < O {237
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Sy the avgurent leadirg 2o Io (3133 @ ray expect that the right hand side
o i - b a + | b -

of £g. {3-38) is noreally posizive. though it may have either sign

ned by differentiating

v
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The cervaiure of the adisbar can

34 i G = Q’V
C oAy d3 AT T }/[?V =~ Pl
[y y - d (40 gl b~ [ 7
g¥=isi - -
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L e My T {

ai
7
o ﬁr’f') = {3-39.1)

LAt oo phase boundary vhere Vo= Y, 115 reduces 1o
’ ] i = 7\‘
syl 4 A Tdvi_ds, av I | /2y . Ly (ﬁ" j-’[‘)
S R N T Y-S T KA
- o v

£.2 The R-4 curve and adi i7 2 roreanl naterial of single phase
have a secend-order contact at the 20t v che Fugeaiot 9)) f.e. in the

urdiscurbed materiasl a2t wiich the shnck

bevween Hugoniof awd adisbat s the: ¢hir

order in the compressicn. 7 the
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intersectior of shase boundery and Mupsiot is e polat of instability vo- ¢
single shock with final amplitude in tra T-regicn or phase 2, then this inter-
section, A in Fig 3-9, may bs expectsd to serve as initial state for a
» 2 - 48 * oA B o L = N Ay
second shock foliowing the first Qé’? in Fig, 3=-91.
Lo b
| L5 { ‘
{ \ ~ \ —b /g\
S N -
\ -.?\r -----i
W\ L
§ W\
\ -4
Figure 2-9
somd Shock Originating ot o Phare Boundary
Acenrdinglv e velgtion betusen that portion of e Hugoniot originating at
point A s0d [he adiabet ir the L-region ovrigineting st A mav be expected to be
che same as tnay existing between adizbst and Hugoniot in a single phase. A
careful review oF the nremises on which the sivgle-phase result §s based reveals
no resscn Yor doubting that it holds (o- the {~region, and a direct caleulation,
hased on the Jollowing analysis, werivies it
o order to determine the
o
1ocus of the Refd curve in the (- : g 0
-
region, coasidaer the sizusticn depiced A

.
1
bR

-

Fig. 3-i0 Point 3

“te Timal second shosh

originating at point A o0 the phase

£
[

soundary. The enthalpies at A and B

V

3-.

Figure 3~10

Calculation of rugoniot in C-region
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gration 3io0g the path ALD Dousting the twe yields the ¢oudticn o e 4
curve ir the {-vegion:
7P
. T 1.7 L om N i : ¢ i . - ~
-y s HE e R MY wd = ) (0 /dP)P ¢ XAW.  (3-4O)
= ' " ijn
"
e By \fz"‘! 1 & O A L - . [ i
nETE Myt S €@uEnglpy On Lag Poase oouncary and
e
—_— ' L _,d‘:
AR = —\i—-}i[ A% = | i{"f" V!} s ¢
‘ AL = 4 @ £
v { e
R L T o = o I ] e By g e s 2
he right hand side of Zg {3-41) ;s & furction of P alone. substituring

. F . o~ - . W . M & a %
B, {3ak1) o £q. {3-49) ond differentiating with respect to P vieids an
:qustion §o0 the slope of the MHugonio: (o the L-region.
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