














9 

6 

cl 

81 

lZ 

a 

Oc 

9E 

6E 

+ 8v 
t 
:; . 
t I£ r . 

;'; i,c 
1 
it 
:i ..... 

·~t£ 
...... 
~-= ,, 
:.;, 

09 

~NldAl 380.:l38 3nSSll 8NIA'fll!IHNI 3A0W38-N0llO ' 
9E t,l 

-6.-

If we suppose pressure to be a function of volume and entropy, we can 

express the rate of change of pressure with respect to volume in any direction 

in terms of its partial derivatiges. In particular, for the R-H curve, 

( cl P) ( P) P (d 5-'<) dV ff-H - 1w l:Ji',d .. + ( d se )v c,{ V (?1-1 

El i.minating dSe/dV between<~qs. (2-9) aJld (2-10) yi.elds the differential 

equation of the R-H curve: • · _ I 

- [( Yv ).J + ( f, - Po D [ I - 2-~ ( Vo - Y, >] 
In obtaining Eq. (2-ll), the fol lowing identities haye been used: 

D 
V 

( 2- l O) 

( 2- l l) 

(2-12) 

For. a material .in which col'llPression is .reversible, .(c)P/3V)ad "! ('i,P/oV\ <!nd 

Se is the total entropy . 

Integration of Eq. (2-ll) yields the R-H curve, provided a single shock 

is stable everywhere. + 
4. Point Stability Criterion 

We wish now to answer the following question: if a single shock is 

stable at the pressure P1, 
0

wi l l a single shock be ;table to P
1 

•+ cf P
1
? The 

Rayleigh line connecting (P
0

, V
0

) and (P 1, v1) intersects the R-H curve only 

at these two points (6); accordingly 

r\ - Po 
(2-13) 

If P1 is a point of discontinuity in {dP/dV)RH' the value on the lower side 

of.P 1 is to be.taken. ff the point P1 .+ fp 1 is al~o to be att?ined throug~ a 

single shock, Cond. (2-13) must hold above P
1
; i.e. 

(2-14) 
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Substitution of Eq. (2-11) into this inequality yields the condition for 

stability : 

/- r 
zv 

r1(Vo-V, ) 
2. v; 

(Vo- v✓ ) 
> j_ 

ll 

01 

( 2-15) 

. L'♦ L1l :1 
( 2-16: . 

If Cond. (2-15) reduces to a simpl~,r one: P1, v1 ls a stable point if 

h : 
S Pt- 0 

> :L 

- --------- • · .. · .. 
Since Cond . (2-16) is normal ly satisfied, Cond . (2-l7) is usefu): A situation 

. 
i n wh I ch P 1 i s a s ta t e of I n s tab i I i t y i s i 1 1 us t r a t e d i n F i g . 2 - 2. 

+ 
' 

~ 

' ta.v1.~ ~+ +o ' ' 
R-H CIA>'V~ \ \ 

o.A- P~\' 
(?(J,,,y l-e11 h L/0< 

R-H {! (,,(. y-ve 

~u-'------"------------"-----+---

Figure 2-2 

Comparis~n of Slopes at a Point of Instability 

· I 

L 
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Ill. Thermodynamic Functions in the Coexistence Region 

We are concerned here with instabilities which may ar i se when the 

Hugoniot curve intersects a phase boundary and the compressed material is 

forced into the coexistence region or on into a second phase. Bethe (2) 

has shown that such a point may be a point of shock instabi 1 ity. 
/ . ~ 

We restrict consideration to materials which transform ·isothermally I 

to a higher density form when pressure is applied .. Transitions wil I be classified J 
according to the sign of dP/dT in the coexistence or mixed phase region and 

the sign of dS/dT on the phase boundary; procedures for constructing adiabats 

and R-H curves in the mixed-phase region are described, some general properties 

are derived, and some examples are treated. 
. . . . 

Although interest here is centered primarily in polymorphic transitions 

of sol ids, there is no difference thermodynamically between these and the 

transformations of melting and vaporization; all are governed by the Clausius 

Clapeyron equation in the coeexistence-f-;:egion. This wil 1 henceforth be 

designated 11C-region11 or "C-R", and thermodynamic quantities in the C-region 

will be denoted by a subscript 11M11
• lt is also assumed that isothermal 

changes satisfy the Gi~b~s condition at constant P and T. 

In Section 111-1, a classification of transitions is made accord i ng to 

the sign of dP/dT and dS 1/dT, where the subscript 11 111 denotes changes along 

the boundary between the less dense phase, denoted as phase one or :f l , and 

the C-region; and relations between the phase boundary, the adiabat in 'JI and 

the isotherm in ~l are derived. In Section 11(-2 the slopes of adiabat and 

Hugoniot in the C-region are derived and some relations at t _he boundary are 

established. In Section 111-3 some properties of adiabats and R-H curves are 

discussed, as is the stability condition. For simplicity we assume the region 

of interest to be far from a triple-point. 

I 
' 

J 
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I. Properties of Phase Boundaries 

The basis for conventional thermodynamic treatment of phase transit i ons 

is the assumption that extensive thermodynamic properties are mass-weighted 

ll - averages of properties of the two components, i . e . , phases. Examples of 

8I 

Il 

V 

a 

OE 

tt 

9E 

6S 

8v 

19 

• I 

LS 

09 

such are entropy, specific volume, and Gibbs free energy, a l l of which depend 
. 

on amount of material, and so vary throughout the C-region. 
. 

Pressure and 
. ' 

temperature can be simultaneously constant during a phase change because they 

are intensive va r iables; their values do not depend on the amount of material 

present. 

The mass-weighted relation for extensive variables comes directly from 

the condition that P and Tare constant in the C-region and that surface 
/, 

' . . 
energies can be neglected. Since dP • dT • 0, then dG • 0 • g1dM 1 + g2dM2 , 

where dM 1 is the amount of mass which goes into phase 1 and dM2 is the amount 

which goes into phase 2 in the contemplated change. But ~dM1 • dM2 • dX, 

so g1 • g2 . Here X denotes the fracTion of mass that has transformed from 

phase I to phase 2 (Fig. 3-1). 

(Phc<H .i 

0 

Figure 3-1 
Definition of the Transition Parameter X 
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With .this de~inition of X, the specific volume at point Q of Fig. 3-l 

is 

(3-1) 

where v1 is specific volume at point B of Fig. 3-1, v2 is its value at point E, 

and 

(3-2) 

Then for constant T, we have 

dV • l::,.V dX; dT • 0 (3-3) 

Other extensiv~ variables such as H, S, E, are 

H • H l. + X AH (3-4) 

s • Sl + X AS ( 3-5) .• 

E • El + X AE ( 3-6) 

Temperature on the phase boundary ABC of Fig. (3-1) wi 11 be found from the 

Clausius-Clapeyron equation~ 

dP/dT • .AH/T6V • AS/AV (3-7) 

T • Tl • j(AV/~S)dP • S(aT/dP)dP 

Phase changes are corm1only studied under .static or quasi-static con­

ditions in which either P or Tis held nominally constant and the other 
/ 

/ quantity is slowly varied through the phase transition. The results of such 

studies are complete when a curve P(T) ;representing the phase transition is 

obtained, along with 6V(T). Dynamic processes are usually other than isothermal, 

and this fact leads to the necessity for investigating th~ geometry of phase 

·boundaries, coexistence regions, adiabats and R-H curves in the S-T and P-V 

planes if the relations between phase transitions and wave propagation are to 

be understood. 
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We consider first phase boundaries in the S-T plane, and we restrict 

discussion explicitl y to those materials for which 

< 
6. V > 0 

> 0 

(3-2) 

( 3-9) 

Here the subscript 11P1
11 denotes a coefficient at constant pressure in fl 

evaluated at the boundary between lfl and the C-region. A derivative written 

with a block "d", having subscript "l" on the variable in the numerator, 

denotes a derivative a I ong the phase boundary between lfl and C-R. Subscripts 

11 211 have analogous meanings for f2 and its boundary with the C-region. 

The rate of change of entropy al ong the phase boundary can be expressed 

as 

( ~; ),, d p J.s , (~~)Pi + - dT ri -
(3-10) 

(p, - (;:Jr, d fl 
- dT - 7 ( 3-11) 

The transformation from Eq. (3-10) to ( 3-11) is made using a Maxwell relation 

and the definition of specific heat at constant pressure. We assume that 

( 3-12) 

then, with Cond. (3-9) we see that, if dP/dT < 0, then dS1/dT > 0. We 

label this a transition of Type 1. tf dP/dT > 0, then dS 1/dT may be either 

positive or negative, depending on the magnitude of dP/dT. We label these 

transitions Type 2 and Type 3, respectively. These classifications and their 

properties are summarized in Table 1. 



Type of 
Transition 

2 

3 
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Table f 

Classification of Polymorphic Transitions 

C:::..V ~ 0, (av/aT)Pl > 0, CPl > 0 

dP/dT 

L... 0 

>0 

>0 

,( 0 

>0 

>0 

L...O 

> 

> 

<1 

The slope of the second phase boundary comes from the identity 

JS,_ 
d, 

::: d (6sJ 
dT 

(3-13) 

If ~H/T2 increases with T, then dS2/dT > dS 1/dT and vice-versa. ~t is 

unfortunate that knowledge of most phase transitions does not include the 

sign and magnitude of this derivative. tt will be neglected in most of what 

fo I I OWS. 

From Table I it is possible to construct schematic representations of 

the geometry of the phase boundaries in the S-T plane. These are shown in 

Fig; 3-2. For Type I, Fig. 3-2a, f2 I ies above and to the left of fl since 

6S > 0; consequently temperature decreases along an adiabat AC traversed 

from 'fl to f2. Type 2, shown in Fig. 3-2b has the relative locations of 'fl 

and 'f2 interchanged, 6S L 0 and T increases from 'fl to 'f2 along an 

adiabat. Type 3, Fig. 3-2c has phase boundaries of negative slope, 'fl is 

above and to the right of ':f2, and T decreases from 'fl to '/2 a 1 ong an 

adiabat. 

Bridgman (7) has noted that dP/dT for polymorphic transitions is 

commonly the order of 50 bars per degree Centigrade; i.e. transit ions of 
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Relative Positions of Phase Boundaries in S-T Plane; 6. V I.. 0 

a) Type l: dP/dT (. 0, 6S > 0 dS/dT > 0 
r ~ 

b) Type 2: dP/dT > 0, 6S 0 _0_ dS/dT > , -~ -~ .. , 
{) / ( 

c) Type 3: dP/dT > 0, 6S ,( 0 dS/dT <. 0 
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Typt:.~<~ ::.a.~p/_a t a,.,~Jk~.~-· common tnan those of Type 1. Slater (8) points out . " . 

that t~i-s i -~ •: to- -·h.e..► .e,~R~ct.e.d since lncre,a?.e..s in entropy ar:e normally associat_ed 

wi,th incre_a,s.~~-.. -i.n volume. He g<;>es farth.er- to show .that, if DS/6V is 

identi·fied wJ.-th (aS/aY.JT for a single phase., we have 

re ;v v-

Wt)ei:e. r is the- Gr'un~.is.en c.onst.ant and CV is spe.cifi.c heat at cons.tant vo l ume. 

·For CV • 3R -per mol, r • 2 and V • lO( cc/ll}Ol, 

Usfng·lq. (3-13) i-n Eq. (3~11) and equatin~Cp to CV' we arrive -at the ex­

PfQ_,s~·i on 

,,,.,.,. 
-~ [ I - ..{!_J ( ~ -) ] 

I V ;; ( ··f 

Taking r • 2 and (l/V)('~V/aT)p 'Z, 3 x 10'"
4, we conclude that 

. fQrll\9~,~ s.olids. Th1.1-s., exc~pt .for· very · hLg.h temper.,;1t_ure transitions, we• wil ,l 

l~ccl~pi_a.l:ly..~ _the abqve cl.ass·i fi_c~J;i.o.n . sugg_ests a four-th Type in which 
. 

d Sf~' l .~ "r)§~_i~t,.j.-v,e..-~JJ.!'l 'f 2. abo'.,(e Sf-1 _; tjfi:s · cQr re~po.nds · to .1 V > 0, which i s 

A .. pr,:o<;e.d.yr:e for determining. the. ·reLativ,e disposi-.t,i,ans of the pure 

-P.l:1a~.e ~Qg:ions and. 't ·h~Lr bound.ar:i.es i.n -- t.h~, P-V· p.la.ne. ts. s1,1.9.~-~sted .:by a cal­

cul~-~Jgn in Re.fer:ence (2.). Consi . .deri"ng spec.i :fi.c volLtme to · be a function of 

P anq ·T, w.e have 

(3-.17) 

.. _,· . . 



( 3-18) 

(3- 19) 

Th_e. l,.nf,%l~1ht .y f9llqws. from Conds • . (3 ... _~J -~n.d (3- N~) and imp,1 ! es that 

(av/~P),s1 > (~VA,P·),Tl (3-20 

Conv.ersely. th.i.s inequality Implies th.at of Eq. (3.~19). Eqs. (3- 17). (3";"" 18) 

a.nd ·(3.-19) -the.n impJy .the fol ]Qwing reJJtt_i:ons among. dV/dP.- (~V/d.P,\1, and. 

(~N.{..a_f>),tl fqr. the thre_e types of phase. tr.an.s.lti;ons d,e.s.c.rib~d - 1.n Table I ; 

Type 1 
. - ""J ,, ,-

'. ' 
(3.-:'.2]'),.' : : .: : · 

• ~ -: ,.'.~: '. .. 
· ,: (? _:i 

. ...... ~ . 

• .. ' . ;. ;• . 
. : .. ~;..-.~'; .. 

, · . ·t)'II '> ··"' · 

• ;' '}~·:-~·. 

T~ee ·:t 'ds:, ?V) q_P • ' "-~;(p· 0 Cpt ( 7 · a ~ < - < dT Pt v><, 
·~ 

) di ! J -r 
0 cfre -<. ( 'd'\) ~ -

q•~· ·- ~(''. ,5' dJ@ .. . , lfr 

( -'o v:) .dVl ( ~ \/) 
'"'> > Tf_ · 1" I (3-23) VP · s, 2Ff .• 

Tp~se r:~J ~tions are.,~esc-ribed in Figs. 38,3. For Type 2,dV/dP ·may be posit i ve; 

fo.r. i~h~ ·.qt,l)~rs it mµ~; -. b.~; ne_g~1t Jy,e: if .. (~\l/gl~ )s: a~ct · .(.~y/~~),T c1re both neg_a t.i ve . 

.!l:l,~.-· s I ope. o.f th~• s~~QflOi, p)tas~ --~~pµJ"ct~ry.,_ is ob.t~lm;cF from the def f nit l-on 

'~z.: - 'Ill • AV· • f(f?Q < O. -Then 

dYz('4.e.- - d..V;1:LdP + d(AV)/dP· 
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ph;ise line in t !1e ?-T ?l~ne , d?/dT < O; ;t is the projection of t he 

ey Jin.drical surface of the coo~<istence region. , DFB'.Jl1, Or"to t he P-T pl.:ine, 

B11:J-·. is the p,rojection of ]'$ !J crd:o t he P-V ;:ilane, etc , 

i n F'lg 3-6. Si~ee ..,;dlabat ~rd isothe.rn have al mos t the scJrri.:; s1ope ir. solids, 

one would €;q:,ect Type 3 t:o oe ve,;y :-arc. ns was 1r.d k ated by Eq .. ( 3-16) 

2, Ad i~bat a~d :~gonio t in The C- Region 

~oexisterce rtlg lon in the P-V plane. Referr ing to Fig, 3-7, we wish to 

ec1ku late tfw, volume at poirt C, pressur e fl, ,1hich has the same ent:ropy as 

pol r•t ,:i, oni the phase bot.mdary , , /'cl o .:-dE:r to do this •~-e ccmpute the entropy at 

C by i ~tegrati ~g a 1~~g A8C and setting SC - SA ~ 0 . The resulti ng equation 

,\d i abat i '.'i the Co-ex i st ence Regi on 

,;; s -2 

0 

.,d l i be derto tec by subsc dpt 11/.\11 , 

3 \ J ( dSldP)dP {~ X AS 
v A 

(3-25) 

tteniceforth the quat11t it 1 es at S 



{V - V )/(V - V ) 
• l 2 l {3-26) 

re 
\ ( dS;f dP)dP ' r ( r'J. S/ {.i,V}(V - V l ) ,,; 0 
,> A 

(3-27) 

Diff~;e~tiate ~his to cbt ai n 

ds ",.. r ) d V] 1 J (ts) _ 
' -t .<..l > I ( ') v - d-,a + l V- V,) /,l r.J 25'" V 0 df 6. V L ""5°"P SM VI • (3-28) 

Here, as be)~o: ~, tot a l de : i vatives refe, to variations along the phase 

bounda~y adjacen t to phase l . All Qu3ntiti~s are functions of the pressure P, 

ar1d t he subseript SM mec1ns :2n.trcpy is .::o"•.sttlrit and the quantity is evaluated 

: n the rn f ;wtl plis:ise reg i on . !~ec.a l l tha t /J..S/ A V "" dP/dT and solve for the 

f-:J V \ 
\ ~e .lsM 

(3-32) 



boundary of phase 1, V • v1, and i t is seer that a discontinuity, ~ ~~e 

adiabatic slope exists. ~s phase 

(¾lsi I?> V) + I ~ V ) ( r;J -·1· ) 

-
\ J(> t i l ~' f1 :;-r s ( 

I '0_.V ') , _J_ /?Y')~--
( -r 

C {'I \ -;i , Jf1 (3-3~) - J t'l"T1 ) 

where the subs~ri p~ s 1,l refers to the m1Y~d ~hase s!de at th~ phase boundary. 

Subt rac ti~g the f i :st of 

<o 



Eq, 

d V, 

t ! ;"° 
>o 

c! 3i -?f p 

d () \ 
:,; :) \ 
-::r.:.. j! 
t/1

• f 

- (v- v,) 

{3-39) 

(3-39 . l) 

the 

betweer, Mugorn1ot cw-d :idL:ibcit ls the ·i t hi r d order in the cc-rr,pression .. ,f i:he 
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single shock w!th f :~a1 Dmp litude in t ~a : - r ~gi~~ er phase 2, t hen this l~ter­

sectlon , A ln Fig 3-9. may b0 expect dd to ser ve as initial sta te for a 

\ 
\ 

\ 
\ 
\ 

V 

,n order to det~r~ine the 

Jocus of the R-H cu?v~ in the C-

~oundary_ The sntha: p ;es at A and a 

p 
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V 
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-r.0 <,Y, ~ .:i l t'c 

I J ' j : V .J-I rJi ) 
\ J"i; ·ifl-1 7-T 

settl r g V 

V-V, 
V-i.-V, 

dT If-, l 
.11 f 

)(
,)V \ 

fA d fJ /it? ;-1 
-= 

J , ;; ·, 
{i1 I 

(11 (~, ( v- ti,) -:-/ - i ( /11 / 
' 

{i? 

•j·, . ( d>l/d?)dP 
Pi\ 

dv, - dS, dr 
~-
?,i p t:l (; dp 

VA - V d, + --
27 d(J 0 



slope. of an ad i aba·~ ::i-os::;; f',g i:ne hugon iot 3(C; r elated .by the Equ-..: ~; on ( 10), 

/~ 
i. -.a 'l. rr [ (U-1,A) ~} -:;- - ('. I - i/) I-✓,:i 

(:_ 'Z. 2 V -t4! 1.. (3 l - 1) 
,) 

where 

') 

· V2 (' '--
'-" ( dP / ,.W ) ., 

• • rtH 

2 ·;2 (0?/J IJ)., -a .ee: ~ l 
~ 

r "" I' 'IC ' ( J·::.,;·s· ) \\I ,p, J ..,, \I 
., , 

) 

I + V,4-·V d T 1'"")(7 
\ 

-z. , dp ( S-v )31'1 

i 

{ j J-2) 

2 2 !I= { "\ Define C and a as n _q , 3, i -l " the:: Eq . 

r P- f,4 

7 ,c_ -z._o i.. ~ 0~-V 1 I VA~ -
- A JL ;--< L. 2. V 

- ( ,?If') J ;' 3 1- 3) 
d l/ (r' H /\-/ ' ) 
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