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1961; (2) L. D. L.andm.z wnd E . H . L:.tf sh.1.-i.:z, 

Well known applications of th~ theory of ixxeversible 

the1.1.nodynamics include thet1Doelectric behav:i.o'l", coupled heat 

and mass flow, chemical reactions, etc. In the last sGction oi 

thio report we shall use the gene~al theory to clezive a rate­

depeudent stress-straiu ~elation fox ~ particula:r ttmdel of an 

an~lastic solid. 

ENTROPY REPRESENTATION o:~ 
INTENSIVE VARIABLES 

Definitions: 

(s) Extensive ·vrn:iables··-thermodynamic var:tables uhich 

add when two systems <!ombioe; i.e., ''70lume, mass, 

mole number., internal energy, etc. 

(b) Intensive vaxiables .... t:he1.,nodyaaroic va?.iables which 

a~e independent of the amount of material in the 

system; i.e., pYessure, tempexature» chemical 

poteni::li.a 1, etc . 
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clU 

T = (t:empe:c.ature) 

p = 

(~U/~N3.) 5 u ~ m N 
• ' 11 ' .. ~ 1 ' • • • ' ;I.~ • l ~ • ' 1 , • • a ]•a • yr 

(chemical potential of j th colllponent). 

Here the w a~ce the mole numbers.. Her1ce we see that :i.t is ~j 

possible to obtain intensive variables by differentiation of 

the internal energy function U(S,V,N1 ,N2, ... ) . ~11is typ~ 

of ~epresentation is the most common one, bnt lt is not unique. 

Let: us suppose that we have S = S(U /V ,N1 ,H2 9 • • • ) • 

Then 

and we can just as well use derivatives of th~ en~ropy as our 

1/T "" . . . 
P/T = 



\ 

) 

:,:: 

These c1ua1;1ti.ties ~~riv-e just as i1ell t!Z T, Pt i-•- 1 if: we ·.;:.Jant 
•' 

system. 

etc. Therefore 

• • • p 

We c~n gei.: some idea of ~he usefulriess of the ent:r.opy 

represent~tion by cor.tE.d.dez-:tng som~ e:J::ampleo. 

( 1) .!be:r.r.qal,_.~_qgi.J..ik~. Consider tuo thernodynart1tc 

u1 + u2 "" comsta;.1t. Systems l ancl 2 are ~llowed to 

e:itchauge t~11ergy ·throiigh the conductior.1 of h.ea.:. We 

ther.modynarnic equilibrium. Foz ax-a h1f.iuitesi:mal 

tr~nsfer of ene~gy from system 1 to system 2, 
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So 

0 

two systci:m.1 ,;,1hich can exchange thermal energy. Also 

suppose that these ~o systems aice connected by a 

common piston ao the volume of each may -.,1a;:y. Then 

u1 + u2 = constant and v1 ❖ v2 = conotant. 

At equ:i.libz:tum i1e have 

Ther.efox-e at equilibrium. 

:CO: . F'LUCTUA'rION THEORY 

Before going on to the -theory of i:r.revczsible processes 

t:e shall disb:;uss the baGic t heor.y of thermodynamic fluctuations 

Results f~om the thco~y of fluctuations are necessary 



fi 

wheze k 

able 'i.:hexmod)-inaruic p1:obability. The mat:hemc.tical probability 

for the e]d.stenc~ of such a state must be propcn:tional to W. 

Hence we may 'l'.·JTite 

A A ~ A 

f(X) dX ""' (constant) • e:::p[ [ S(X) 
A 

S(X} ]/ldd1t !) 

A 

i;here S is the inst.:11:1t:al1eous entropy encl X :ts the inst: .. U'l"' 

" A 

(1) 

(2) 

ext~~ns:tve ,1c.n:-iablc X (01i.11:cgy :2o'ir e~mmple). lFkire f(X) dX is 

ft n " 
sx = X ~ X in the range dX. 

A ,_ 

Since X ~ X (&X 3 O) represents an equilib~ium 
" ,,. 

state, "tJ® kuow t:hat S{X) muet be a ma~.:rimurn there. 
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0 . 

S(x) 

S(X) - S(X) 

of e. si.ngJ.e tb.eT.\..nodynamic va.rc:i.able from :tts cqtdlibrium "<n1lue. 

Let iaS consider a whole set of ~rn:tensive v&t:i.ables 

A A A 

duce the ins~antaneous ent:i:opy S(X0 , Xl, . . . ) ~ where the 

X_. are the :l.nstanta:neom, e;i:tens;iv,~ ,.,,,a:riables co:;:-respondb'ig to ,. 

the eqnil:tbzium ,e1:tensivi2 variables x1 . We nOl:~ write, in 

a manner an~lagous to Eq. (2)~ 

(constant) 

... " 
S)/k]dXo dX1 ... ~ 

where 



A J f' 
( 

• J = 1 . 

The deviations of. the inst:.;irrta.n~ous intensive var:tables from 
,._ A A 

their eguilibrirn:u values are calculdted from S(X0 ~ :i~1 , . . . ) 

.accoxdirtg to 

A .. s . fj ox J ~ ,f_ 

Let us :1.1ow calcul~te the following qua:a,t:i.ty: 

0:, Ci> 

i" r' A ~"' I\ 
!:::! j j X,.t oF. f(Ko~ . . . 

J 
-<!l;> -°' 

Therefore 

Now 

A 

<X1 > 

A 

oF. > 
J 

look 

= 

at 
co 

r A J •• • 
-Ct,) 

C, (!/) 

00 

I' ,.,, 
I 

:Kl i::rn:p[- (1/2k)l\_..
8 j 

-co 

A A 

X1, )dXO . . . 

A 

ox
5

Jd.x0 ox z 

(8) 

clX 1 ... 

(9) 

A 

dX1 
<F . ~ . = "'-.f 

(10) 

(7) 

. 
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0 .. ::: 'J .. 

co a:> 
,. 

J " J 6X (SXpl~(l/2k) "" A X ;;,jm ... 
".i m 

.. co .,,.<,-:, 

Comparing this result wit~ Eq. (9) gives 

Hence 

F~om Eqs. (7) and (10) we find 

... " ·1 ,.. ,., e 8V ox("l. dXo d . ..,. 
i:S ~t,li: ····1 ,;;, 

0 ami therefore 

( 11 ' .. • J 

. .. 

(12) 

Eq~m'i:ion (12) wl.11 be unefu.1 :h, devc~loping the 0-asage:r recip .,. 

roc.!ll relations. 

IV. GENERAL THEOilY OF IRREVERSIBLE 
'rnERMOD'ffiAM!CS 

Basically we ~equi~e i~JO types of p~r3raete~o; one to 

desc~ibe the "foxcea vYhich. dri.ves the process and one to 

descr.ibe the response to th.at fo~ce. 

Conside:: first the relatively simple csse of a discr e te 
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V 

s + s total entropy . 

Define the quantity ~ as follows : 

z 
21S/21Xk + aS /oXk 

F -k 

The c:Jua:atity ~ is tb.e~efore zero when t:he ti.70 subsyst~ms 

are in equilibrium. If~ is nonze~o, an irzeversible 

process occut"s taking the system tOT.Mard the <2lquil:1.bri.um state. 

Hence ~ can b~ taken as the genexalized force which drives . 
V 

the process. For example, say Xk = U. Then U + U = 

constant and we have as the dYiving force for heat flow 

~ 

(1/T) - (1/T.) . (13) 

We now know how to char6lcter:tze the force? driving the 

process . We mirnt also char.actei-:i.z.s .:he resrlonse to this fo1:ce. 

This is done by conside-.ring the rate of cha.1,ge of the e::itten$iV'! 

parameter Jf.k . For di.scx-ets systems the flm:, or response, 

Jk is defined as (zef. 1) 



) 
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Hence the rat~ of entropy prcoc.uctiou is the sum of the P'.i:O­

ducts of each flux with :tts assoc:f.ated affinity~ o:r ih:-iving 

force. 

For continuous systems the fonnalism must be modified 

someuh.st. Equation (15) 61:ties the rate o:f entropy production 

fo~ irreversible flow between two discrete systems. Suppose 

there is something between the two cl:i .. sc:rete systems t-ihich 

Fig. (1). J 0 represents 

System 1 System 2 I 
J 

0 ~ 

Jl ;.::~ 

~-
etc. ~ cross-eectional 

area A 
---~----, 

.1 

I 

I 

Fig. (1) 
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V -· -- i .. n :tts is 

its 

somcwhez-e 

i.e.~ in the conductor. 

at which entropy :i.s bi?;ii,g produced can he t,ri:i:'i:en an 

dS0 /dt \ (F(2) _ ~ (l))J 
L k .. k 'k' (16) 

k 

where Jk = dXk/dt . The rate at which ent~opy is being 

produced per unit volume in the conductor can be obtained by 

dividlng Eq. (16) by V :c: t.tJ.~,r,. : 

(1/V)dS0 /dt 

In the limit as Ax approaches zero : 

:R s " :::: \ ( of'k/'aJ-;.) j 1 L, ' . .{ 

k 

:ts the "amount" of X k whe=e jk ~ (1/A)dXk/dt 

unit area in unit tune . The gradient of r.' .. k 

crossing 

and the:: flux 

j l( a:re not: always i:.1 the s~me direction. For exemp le, see 

- - A Fig~ (2) . Let jk be in the J::-direction: jk ::: jk i . -Then jk(~Fk/~x) = (v>Fk • i)jk ::-.1 VFk • jk • 1';."le:refore thH 



Lines of 
constant Fk 

~ 

A ,--------.-., ... --~ 

\ \\ jk \ 
\ 

Fig. (2) 

expr.essi.01.1 for rate of e~1t:ropy productfrm :tn contir.uous syster.Js 

can be generalized to read: 

\ -
Rs ,::i 'v 'k' . jk L, k (17) 

k 
Q · o Compare Eq. (17) with E(I··k T.l' ) -s - - i: k "1k for the case of flow 

between discrete sys tens . We conclu.Je that the drivlng force, 

or affinity, for the cont::f..r·'..lot.s s7stem Is 
I 

F •• F k k tlenotes 

energy fltm, th!!n t:itc .ac~1oc i.nt.ed affinity :ts 

complete descript~.o·:1 or. tbJne physi.caJ. 1n ... ocesses must also in·· 
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If is t.hE ent:copy flux .:::"nd if R., ,., 

of entropy product:ton per unit volum.e, thera in cH'i~logy to the 

ordinax-y c,n.tim:iity eqtu:tion of flu1.d dynamics we c.an t:1ritc 

( 18) 

where s is the entropy pe:r unit volume . We frJrther assume 

that the extensive quantiti.es {i.e. s energy, mole WJrobe:r, et.c.) 

are conserved: 

0 J (19) 

whe:ce the xk ar!S extensive quanti.t:i.es referr.ed to unit volume. 

We also know that 

as/ct t = I' {tlS/<h;k) ~xi/~t '"" I Fk ih:, /ot . (20) 
~ 

k k 
Then, from Egs . (17) - (20}, we may wri.te 

j -s 

, ·, 
2., i-'k (t.)xk/ dt + 'v • 

k k 

and therefore 

.... 
{i 

.... 
'(J . j_ :::::: v . F'k jiJ ;.:;; •-' .. 

k 
O '.? 

-, 
+ C , 

whez-e c is a constant vector·. If we require j
8 

to vanish -
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-~ -when the jk vanish , :then c ::: 0. Cmc final :,:~::.H.lllt ~~i.3 

t herefore 

(21) 

It should be noted that Eq. (21) relating entropy cu~~ent ~o 

cui.':rent:s of ext:ensive c1uantities for the contirn .. ,ous case in 

consistent with the corresponding expression fo~ the discrete 

case, dS/dt al.., Fk d.Xk/dt. 

!J.~_!!ar _Processes and the Onsaaer (&efficients 

We shall assume that each local flux depends only o~ 

the instantaneous local affinities and upon local in~ensive 

parruneters. Such a system is said to be Maxkoffian. For 

example, in a discrete system the fluxes are .Jk ::o dXt/dt and 
Q 

the associated af finlties are 7k ""' F k ... Fk • Our ,'£1SGt.mJpt1on 

then takes the foxm 

( 22) 

... 
Fol'.' conti1,uous syster.As ue x-eplace Jk by jk and J-'k 

becomes VFk. Each flux depends on all affinities and all 

intensive vm:iabl~s, not Just its o"tim. It 1-s true that each 

flu:K tends to depend lllOSt st'.'l"on3ly on its otm associated 

affinity, but the dependence of a flux on othe~ affinities is 

a source of some of the moot interesti.ng phenomena in the 

field of izreversible thermodyr.iamics. 



) 

where 

+ (l/2.) L l L1:.jkiri. c?j 
i j 

etc. (24) 

under equilibrium cora<litions. The Ljk are c.alle:.!d first: order 

kinetic co2f.fieients. Wh.e.n we ueglect all ~ut the f:11.cst 

:Le., 

For such a process the Ljk matt'i:ic: ie symmetx-ic; that is 11 

Ljk = Lkj . 'l"he proof of this result~ kno~m as the Onsager 

1:eciprocity theorem~ follat.Js . 

Define &11\ ( tt) ,;..: X. ( t) - Xj . 'l'h:i.s i.s the depa:icture 
.) J 

(25) 

Zzo:n equil:iJ.:n:ium in a fluctu.?i::.102. Let. us consider t:1c follet;·-

of ~ fluctuath1g systen: 

(26) 
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A 

qua11ti.tyj for inst.Gmce th~ vaxiatior1 :b.'! vo1:w'ii.e 6V(t) due to 

-random fluctuati.ons of a the1.-modynamic system :tn contact with 

a pressure zeser-vob~ (see Fig. 3). 

System 

A 

V(t:) = Volume 

I
~..:-·--------, .-
-~ 

~ 

~-­-~ 
~~­~:::. -. , ._ 
..... :::_ .. • . :--..• 

Fig. (3) 

Pressure Reservoir 

movable piston 

Th2 volume of the system in Fi.g. 3 will continually :fluctuate. 

If at the moment: ~ th~ vailue of 6V( ;:) i.s large, th(:!n the 

probabil:!.t:y i.s small that at i: + 1' (7 sm.nll) 6V(t + 'T) 
/'-

will be zero, say. For large '>Jalues of -r t howev~i:~ oV(t) 
/\ 

and 6V(t + "<) should be essentially imiependent random 

quantities. Therefore, something of interest would be the 

value of ,. for which these random vazisbles become essentially 

1.ndcper1dent. A m-aasure of this mutual depm.1dence be~.:reen values 
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,.. " 
of 6V( -t) ,,md ov( t + ·-r) :tf:l p:t;;;cis~l7 \vhnL t:hf.J co:rrelc?.tion 

ftmction gives. 

:::.: 

I'\ ~, 

Subtr..,1ct oxj(t) 6}(k(t:) from (~ach side of Eq. (21') and 

divide ~he resnlt by -r 

Let: 7 ... 0 :tn Eq. ( 28) to obtain 

We oust: now make another. ioportant .assump\::ion: ~~ 

.,s1£SUm_g th_Q t tl~~l!Y....stl°- ~~1.41.!..£.ll. isawgoverne~_g,y_j:~ 

li.~:&u_l!Pe.uz., ... fum.mn.J::!~~ ~llt-~-½1~.J.~~pP,iC g 1?1.9.fte-ric; s~s • 

Since the lincm: r.lf).czoscopi.c procec;;:1es are governed by 

(2i) 

(29) 

the clecay of a fluctuation is then governed 

,.,_ 
\ 

o}{t 
A 

\ l.. ~ 6F. = L, .,t JL_t l. 
(30) 

i 
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Substitut e Eq. (30) into Eq. (29) : 

We m,.-~· employ t he so~·ca l led -~mgi.£. .. ..hYJ?.Q.tjle_fU . .@. * that says 

.tim.~ ,,.s.~~ , ~1!LJ>e x-ep l.~~v._sver agcfL:£i!~ .. J.JZ..i~}J i=l?-.§L-2.!d 

.£!_tl'!S:1_J?~obebilitv distrihµ,r;i_~t}..on_~d . 

But Eq . (12) gives 

therefore 

or 

/\ /\ 

<6X ~F > • IJ i 
] 

0 \ L . . < OF'i 6Xk> 
L l.J 
i 

""' -

Lk . . J 

k <Lj 
l. 

and 

This is the famous Onsager reciprocity theorem. 

(32) 

(33) 

This compl~tes our discussion of the bas ic ideas of 

irreversible thermodynamics . We shall nm~ consider a specific 

problem; the derivation of the stress~strain relation for an 
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tzeat other appl:tcatious of this theory, anc1 t:o get: a better 

it would be worth~hil~ to look at a few of these otheJ: 

V. APPLICATION TO STRESS-STRATN 
RELATION FOR AN ANELASTIC 
SOLXD 

stress-strain relations!; but most of these methods seem to be 

some--what arhitxary; we put inr.o the de'i.'ivat:i.on whatever we 

need to get th~ desired answer. The fo:cm~tion of ir~eve~sibl~ 

thermodynamics suggests an approach which is not quite so 

ar.bitr.rn:y. We shell noi1 consider these different ways of 

obt~ining rate-dependent st~ess- strain rel~tions for anelastic 

solids. 

Ar.ielastic solida are often visualized in terms of a 

series of springs and d~shpots . A particular arrangement of 

sp1:ings and clashpots :ts shm·m :tn Flg. 4. 

strain 

CJ 

total strain""' e 



o, ... :ts .:ht~ 

02 is the 

~ 
l 

.t ,-
~'-•' th{; 

(12. 
:::J t.::~ G 

.:. 

a., = ;. e ~-..2 2. ~i• il.~ e "" 
L. Z 

C\ 
:.l"..S 111 

. 
C 

1 
(36) 

.,, 
112/111)111 

. 
+ '"' k2 e'1 + ·YJ 6 ,. - •12 ' <'• 

(k2/111)a1 
,:a t~'i .,. i 

1 • 

(.39) 
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in which there exist interstitial impurities (such as c~rbon 

atoms). We make the assumption that in the absence of impurity 

atoms the material behaves as a linear viscoelastic solid: 

where 1'1 is a characteristic time and E is Young's 

modulus. When impurities are present and the material is not 

strained, the impurities occupy all faces of the bee lattice 

with equal probability. However, when a strain is applied, 

faces perpendicular to the strain diLection become preferred 

as possible sites for impurity atoms. ·This is shown in Fig. 5. 

r9 

---->-- strain 

Fig. (5) 

Let Np ( e) be the equ:tlibrium number of impurities on the 

preferred sites (P) corresponding to the current value of 

the strain Let n be the total number of impurities, 
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then clearly 

... / ~· k.k ,..J • 

We shall assume that 

Let equ.r:11 the instantaneous number of impurities on 

rn:eferred sites. This .. ,,,ill not necess'.:lrily equal Np ( e) since 

:1.t takes time for the impurities to adjust to the cu:n:e,1t 

equili.hrium situation and, in 2dditi01.1, the equilibriulll numbe;c 

itself changes as the material is strained. Define 

We further assume that tends to adjiJst to the ctrrr.ent: 

value of NP (a) by a rela>:atJ.on mecha.n:i.!.Un governed by 

= 

where "f 
2 

ii:~ a :relaxation time. Hence~ from Eqs. (42) and 

{ L~3) 1 

Since ~n depends on the strain~ we shall assume p 

(42) 

(4.3) 

that the strain also depends directly on The physical 

bas is for this assumption can be seen from the follOTNing 
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argument: Let us imagine the l attice to be in a state of. 

zero external stress and in equiltbrium; i.e., zero stzain. 

Look at the unit cell sh~,n in F:tg . 6. 

.,.. 

Cf-/- -n ... 

p 

0 

p 

Fig. ( 6) 

----- - ---;;?-
direction in which 
strain is to be 
applied 

Because of bee lattice structuTe it can be seen that all 

posit.tons labelled P ar.e equivalent. These sites represent 

prefeLred positions when a strain is applied . Taking an 

impurity atom from an unpreferred site and putting it in a 

preferred site can be se~rl to distort the lattice in the 

directlon 111 which the strain is to be .applied. Hence an 

exc~ss of P impurities above the equilibrium value must 

inczease the stra~n. 
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In view of these a?.gt'..1Ue:ntz we modify the visco .. elastic 

relation, Eq. (40), to read 

El:tminat:f.ng 

Equation (46) is equivalent to Eq. (39) obtained from the 

spring and dashpot arrangement . 

In both preV'ious developments of the anelastic 

Telationship between stress and strain, the various assump-

(46) 

tions seem sometihat arbitrary. The second method of deriva­

tion is an improvement over the spring and dashpot model since 

it has a reasonable physical basis. The seieond method still 

involves assumptions which, while they are certainly reasonable , 

are still somewhat arbitrary. Hence, in an effort to avoid 

these objections, we sh~ll use the well established, unambig­

uous formalism of irreversible the:r.modynamlcs to derive the 

anelastic relationship betw~en stress and str~in for the model 

considered in this sect::i o1i. 

In order to apply the t:heory of :llrxeversible themo­

dyn~mics to the probl~m of finding a time-dependent stress­

strain relation for the ane1ast1.c solid under consideration, 

we must calculate the dependence of ·the configurational entrop:1 

on the distribu~:ion of impuT.ities over all avail able lat:tice 
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sites. Let NP he the number of "preferredvv lattice sites 

out of a total of N sites. be the numbez of 

impurities on the "p:refer:red" s1.tes out of a total of n 

:bnpurities. A distribution is completely specified by giv1.ng 

the number n1 . The numbe,: of 1compleldons of this c!i.stribu-­

tion is just the number of ways the indistinguishable impur­

ities can be arranged on the distinguishable lattice sites 

such that the number of 1.mpurities on p~eferred sites is 

equal to n1 . If the number of preferred sites is some frac­

tion of the total number, say Np~ gN, then the number of 

complexions associ~ted with the distribution of n1 impurities 

on preferred sites i.s simply 

(gN)! 
(47) 

'!'he configurational entropy associated with this distribution 

~ill be taken as 

where k is Boltzmann's constant. The quantity g can in 

some sense be thought of as the probability of an impurity 

being found on a p~eferred site. This can best be illustrated 

by computing the ~nt:zopy from Eqs. ( l;7) and ( L.~8) and then 

maximizing the resulting expressio~ to find the equilibrium 



value of n1 . Subet:1.t;.it:i.ng Eq. (l}7} into Eq. (48) and usin6 

Sti1:ling' s :J}.rrprox:bna.tion u1e obtaii.., 

S<:_/k. o: gtt ln(gN) + (1-g)N 111[ ( 1-g)N j - (gN·•n1) ln(gN-n1) 

- n1 ln n1 - [(1-g)M - n + n1] ln[ (l-g)N - n + n1] 

The ,eguili.briuro value of n1 c .a1.1 be found by maximizing this 

expression; i.e., the equilib1d.t1m value of n1 satisfies the 

followlng e:s:press:tori: 

Hence 

Thi.s mea,1s g :f.s that fraction of the totca!l number of 

impu~ities which are on prefez~ed sites when equilibrium has 

been e :;:;tablished. 'r.he c.'\SS1.nnp1:ion we 11m1 make is ~hat g in­

c1·eases linearly t'1ith st1c~in. At ze~o strain g = 1/ 3, .and 

1/3 + Ge . (51) 

t io~a.1 eratropy as "'~ .. ftrnct:lon of stra:f.n <:1.i~d impe.n:i~y nl1mber n, . 

A plot of Sc and ~s /0111 C -
is shO"'m qualit.~tiv,~ly in F:ig. (!) o 
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The total :mt:ropy is t he s~ of a the1."tilal part a.nd 

the configux&ttonal p,:txt ue ha-r;1a 5us~ calculated: 

~ + s 
' 't; C 

{52) 

In the calcolr:tion presented here we shall :i.g,-iore energy £1u~ 



will be coris:tder~d to c'hanr.;e m·:c c 

s ~ • r~c/ ' .. t'":)S/~~) ·1 + r r'.) ~-,·· 
_;_,, •j 1 ~ .:,• (I ~ -~ .... l ?' , ~ c ;.-11 

.a...L.- \ t::~<'J-i, . ~. I.. . 

.. ,.. i , I ( as't)cr) j' ::,, ., ; (""1- ~ " + i' ' '\, c:.'jt') nl '"21L rj .~ ?JG - "'"'22l.0
..;;i nl I 1c.:q 

In analogy t~rith (~ S/i!!V)t:, . . . = p/T we shall write 

and 

:.tl 



::.:.: 

and 

tha t 

"'"l .c!",. C! 
r\· '~\~ 7 
!• ·-··""-·· ' 
.. ~:'"';j- ~ ~ -

- i n1""'gn 

3,) 

9 k N 
~ ---· ( r:.1 .. grI) ~ 

2n(N-n) 

9 k G N 

(57) 

(61) 
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where w·e h&ve assumed l G~ I << l . Substftution1 of E~s ~ ( 59)-

(61) into E~s. (56) yields 

. 
where nn1 = n1 - n/3 

(62) can be wrltt:eu 

and An1 ~ d(lln1)/dt. Equati-onc; 

0 

Al ( <1 E€) + A2(6n1 nG~) r& :::, ,,a, - ,. 

t..n .. ""' B1(a - Ee) + B2(l\nl - r1Gs) 
i.. !> 

where 

9 k N 
Az = (L11 Gu - L12) ' 2n(N,...n) 

9 k N 
B2 = --- (L21 Gn - !.22> , 

2n(N-n) 

Elimlnating between Eqs. (63) and (64) we obtai~ 

where 

CV = 

(62) 

(63) 

(64) 

(65) 

(66) 

(67) 
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r<r:t.:.J:itio ~ (67) ?.€ the z-esult we want. This zelati0nahip 

hct:w:.Bo11: et:ress and strain i.s of exactly the s~e fozm as 


