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The ourpose of this report is to collect nocessary

background material fov o uvndevstanding of the formal thacory
&

cf irreversible thermodyasmics. Yost of the standavd materi
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this report has been taken froa the following textbook

1

Pt

H. B. Callen, Thermodvnaunics, Johwm Wiley and 3oms, Inc.,

)
196i; (2) L. D. Landay and E. M., Lifshitz, Statistical Phvsics,
Addison-YWesley Publishing Co., Inc., 1958.
will be referved to 2z ref. 1 and vef. 2, resgpectively.

Well kuouwn applicatiocns of the theory of irxveversible
thermedynamics include thermoelectric behavior, coupled heat
and mass flow, chemical rzeactions, etc. In the last section of
this report we shall use the general theory to derive a rate-
dependent stress-strain relation for & particulax wodel of am
anglastic solid.

i. ENTROPY REPRESENTATION OF

INTEHSIVE VARIABLES
Definitions:

(a) Extensive variables--thermodynamle vwariabies vhich
add when two systems combine; i.e., volume, mess,
zole number, internal emergy, ete.

{b) Intensive variasbles--thermodynamic variables which
are independent of the amount of material im the
system; i.e., pressuze, temperature, chewical

potential, ete.



if we consider the internal enevgy U o be a fumction
of the extengive verisbles, the inteansive wavisblesz arse found
from devrivatives of the internal energy. Foxr ax ia, from the
& 5

cembived first and second laws oI LE,?mGdywamla ', we have
dU0 = Td8 - PV + pgdly Fpadiy, + . o .

Hence

T = {%ﬁi%S)v { cemperature)

Wyallay -« >

P = ”(ag!av)S,leNZs -n {pressure)
= .
By (a“’aﬂj)s,vﬂml, e e Foys Bagy o os

th

{chemical poteniial of 3 ccmpanemt},

»

Here the Ej are the mole numbers. Hence we see that it ls
possible to obtain intemsive variables by differentiation of
the internal emergy function U(S,V,N;,%,, . . .) . This type
of zepresentation is the most common ope, but it 1s not unigue.

Let us suppose that we have 8 = S{ﬁ,?sﬁl,ﬁzg ——
Then

ds = {(1/T)aU + (P/T)av - (ﬁlf?)dﬁl = & 5 5

and we can just as well use derivatives of the entropy as our

intensive varigbles; i.e.,

EIIT . (aS[aU)V giql 93};25 e« o e

- L €

P/T = (és’iawﬁsﬂyﬂw
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These guantities serve just as well g8 T, ¥, ¢

ables to describe the thermodynamic system. The

To help in the general development which followe, we

A

shall vefer to the axtensive waviables as X, ¢ U = ﬁﬁg

o
T

¥ = 219 W, = Kzg te. The corresponding entropy representa~

tion inteneive varisbles will be weferred to as F, @

S m 3(}:@3 .‘2:13 o« - '] }

and

F, = 35/95, ) ,
i ( o/ ti}-ﬁ\gg & & L] }hi""ls K:g._g‘.}ls ® Ll & L

We can get some idea of the usefulness of the entropy
representation by counsidering some exampies.

{1) Thermal Eauilibrioem. Consider two thermodynamic
systems, 1 and 2. Energy counservaticn requires that
Uy + Uy = constant. Systems 1 and 2 arve allowed to
exchauge energy through the conductlom of heat. We
know that the entrepy is mexiomum in the region of
thermodynamic equilibrium. For am infinitesinmal
trausfer of enevgy from system 1 to system 2,

d($1 -+ Sg) = 3§ = 0.
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Thevefore, in order that dS wanish for arbitrary
gl , T@ = Ty wilch Is the fewiliar coundition for
therwodynanic equilibrium.

(2) Thexmal sod Mechanical Eguilibrivm. Agzaln consider

two systems which can exchange thermal emergy. A&lso
suppose that these two sysitems are comnected by a
common piston so the volume of each may wavy. Then
Uy + U, = constant and ¥y + Vg = conctant.

At equilibrlem we have
ds = (%glfavl)&al + (38, /3vy) + (83,/31,)du,
+ (38,/8V,)dV,
= (1/Ty = L/T)duy + (Ry/T; ~ P,/Ty)dV; = 0.

Therefore P; = P, and T =T, at equilibrium.
FYor a move complete discussion of the entyopy vep-

resentation of intengive warisbles see vef. L.

TLI. FLUCTUATION THEORY
Before golng on to the theory of izwveversible processes
we shall discuss the basic theory of thermodynamic fluctuations

ts from the thesory of fluctuations are necessary
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im the proof of the Oansager recipvecal relations.

A macroscoplc systenm undergoss incessant and rapld
transicions azong its micvostates., If a system is Im countacl
with s hsat regervoir, these transitions will semetimes lead
to states of low cnergy end sometimas to states of high emergy,
as the {constant) total emergy is sghared betwesn system and

reservolyr. Similavly, 1f a system ig in countact with a volume
reservoly, the volume will continually fluctuwate. The dif-
fevence in entropy for some instantansous nonsgullibrium state

for which the thermodynamic probability is W can be written

A =t 5 w = kinWe-k1in ¥ ¥
s S geq x InW -k In op ? {1}
where k 48 Boltzmana's constant and mmp is the mosi prob-

able thermodynamic probability. The mathematical probability
for the ewistence of such a state must be proportional te W.

Hence we may write
£{x) dk = (comstant) ° eﬁp{[S{ﬁ) - S(X3VMklax | {2)

where 5 is the instantaneous entropy end X 1o the instan-
tanenus extencive variable corvesponding to the equilibriuvm
exgensive varizble ¥ {eneugy for emample). Hexe f(ﬁ} aX s
the probability of finding 2 fluctuation of magnitude
5% = X - X in the range ﬁﬁ .

~

A
Bince X = X (38X = 0) represents an equilibrium

L S
state, we know that S{X) must be a mazimum there.
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Hence
& e o iy 2
s{¥ = S(E) - (38/2)(X - X)“ + . . . ,

A .

where 5 is a pogitive constant. We shall assome that

I3

is small so that we can write
o, o —_ % 2 ”
S{X) =~ 8(X) = <(B/2)(8X)° . {3

So far we have discussed the probability of deviations
of & gingle thermodynamic variable from its eguilibrium value.
Let uve consider a whole set of extensive variables Kﬁﬁ Klﬁ
Kz, - « «» and their fluctuations from eguilidbyiuvm. We intro-
duce the instantansous entropy @{h 13 s« «), where the
ﬁi are the instantanecus extemsive wariebles corvresponding to

the equilibrium oxtensive variables }s:i . We vow write, in

a manner analagous to Eg. {(2),
f{ﬁg, ﬁi* - = .)&ﬁg dﬁl « « « = {constant) {&)

@x@[(g - S}fkldﬁ

S
@ ﬁéﬁ.i - - @ 9

3

where £ = S{Kaa Kls . « «4 18 g8gain the egquilibrium entzopy.
&n expression analogous to Bg. {(3) for the instantaneous

oy
entropy S5 is

bk

{ "{;2 Z:];g ® = n} = S{J'&‘.i’gs j%—.:?“$ @ - o} L {1;2}51’1{ 5K

Efxy
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sunmmation iz dmplied.

Combination of Eas. (4) and (5) 2

Lend
w
Fide

&%
B’

£(Xy, £, - - ) = aespl-(1/2k) 8

ox BE.
ij i

]

where the constant A 1s found from the normalization condition

@ @
* P A 7 T o)
A oo emp[-(1/2) By, R, R daRp ek L .. o= 1. (D)

The deviations of the instantancous intensive variables from
~ P FS
thelr eguilibrium values are calculated from S{Xa, Ryo o = i)

according to

oF, = L2881 = - By 0k, . (8)

Let us now calculate the following quantity:

@ e
{X‘E éFj> u J P 'J X.{, 5Fj f{xgg Ki,? & % @ )éga dxl o % e
- $2 o OO0
Therefore
& @

<%, oF s | £, 8, &% [-(1/2i)p_ 8% 6% laf. d¥

Rp 8F,> = «b | ... | By 8, 6% expl~(1/2)p jaf. %, .

£ 4 6 4 i T e e Tl
(93

Now look at

Ry expiwiligk)ﬁrs 5§% ﬁﬁﬁ}dﬁﬁ d%l eve = Rp
: (10)

e o0
. 1 i

K> = A fees
o @



{3}
Tale Bf$A3 of Bg. {18}, using
8/ex,L-(1/72K) By, 6%, 6% 1 = (1/%) B %, - (11)
The result is
o -
Wopy =A [ .. [ R By 0% emol-(L/zm) 5, oK, 6%, JaRy R, ...
S

Comparing this result with Bq. (9) gives
<X, 88.> = = kby, .
2 °F; k5
Hence
<eXy bF.> = <X, oFy> - Ry <of,> .
Prom Egs. {7) and (10) we fiad <5%j> = 0 and therefore
<5§j 6F

g = - kb | (12)

Eguation (12) will be useful ia developing the Onsager recip-

rocal relations.

IV. CENERAL THEORY OF IRREVERSIBLE
THERMODYNAMICS

Ceneralized Fozee and Flux

Rasically we regquire two types of parameters; one to
describe the "force" which drives the process and ones to
describe the response to that foice.

Consider fivst the relatively simple case of a discrete
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e flow of emevgy fron one homogeneous subaystem to
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enother through a thin diathermal wall. &n extensive parameter

¢
has values X, and X_. in the two subsystems,
’ o
Kk + XE = Xk ” a copstant
8 +8 = 8§° & total entropy .

Defime the quantity 7, as follows:

, ) - B .
ﬂ ¥ 28 /axk - asfaxk 4+ 83 faxk
] -! §

The quanticy ggg is therefore zevo when the two subsystems
are in egullibrium. I£ égg is mongero, an irreversible
procegs cceurs taking the sysiem toward the equllibrium state.
Hence j?% can be taken as the gemeralized force which drives .
the process. For example, say T, = U. Then U+ ﬁq =

constant and we have as the driving force for heat flow

Fr = wm - /) . (13)

We now know how to chavacterize the force driving the
process. Ve must also characterize the response to this force.
This is done by considering the rate of change of the extensive
parameter X, . For discrete systems the fluz, or regponse,

Jie is defined gs (zef. 1)

i

Iy defdt . {14)

l 1§ &z i T
J,, vanighes when 9%; vanishes.
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asfde = ) (SP/AXI (R Sa) = YL I - (
k ) &
Henece the rate of entropy production is the sum of the pro-
ducts of each flux with its asssoclated affinity, or driving
force.

For continuous systems the formalism must be modified
gomewhat. Equation (15) gives the rate of entropy production
for irreversible flow between two discrete systems. Suppose
there is something betwesn the two discrete systems which
conducts whatever happens to be flowing. For example, in

Fig. (1). Jy represents

System 1 System 2
Jo e S
31 i
.@'
ete. %z““weroﬁsvsgctienal

area &

Fig. (1)

[
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the flow of energy. Let the volume of the conivctor be

its length. 7The zutwvopy of system i is decveasing while the
entrony of syetem £ iz incresecing, the net regult being thal
the total entropy change ls positive. This means that entyopy
ie being produced somawhere between syetem L and system 2

i.e., in the couductor. From BEg. (15) we

at which entropy iz being produced cam be writien &5

as®far = ) (e{B -5 Dyg (16)
ke

where J, = dX,/dt . The rate at which enivopy is being
produced per unit volume in the conductor can be obtained by

dividing Eq. (18) by W = Abx :

R, = (1/V)ds®/dt = ) |
i

in the linit as 4z approaches zero:
0 3 .
Ry = L CRAm)y
le
where j, ~ (1/A)ﬁxkfdt iz the "awount" of X, crossing
unit area in unit time. The gradient of Fi. and the flux
jp are not always in the sawe direction. Foxr example, see

Fig. (2). Let ig be in the x-directiom: j, = j T .
Then jk(BFkIBx) = (VFy,

a

i}3, = YF, * 3, . Theref the
ik, FK i 1 Therefore the



int, R. (01=&7
\\\

£
Lines of /////;X<:f

vE

a

TR e R

\
RN

constant Fk

Luds §

v
N
\ Y
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expression for xate of entropy production In continucus systems

can be generalized to read:

g

W * §y s an

RS -

o BT

- ]
Compare Eq. (17} with g% = :(Fk - F&}J? for the cacse of flow
between discrete systems. We conclude that the driving force,

&

pedn

or affinity, for the continuous system is VF, , wheve
: }

wag Fy ~ Fp for discrete systems. For example, if g denotes
e

hon the associated affinicy is 9{L/T) . 1If is

derotes mass flux, then the generalized force is V{W/T) . A

complete descyiption of these physical processes must alse in-

-

clude the mechaniecal equations, but we shall not discuss this

=]

asroblen here.
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if j, is the entropy flux and if

=

of entropy production per unit wolume, then in analogy to the

ordinary continuity equation of fluld dynamics we can write

/o +V - 3, = B, (18)

where s is the entropy per unit volume. We further assume
that the extemsive quantities {i.2., energy, mole number, ete.)

are conseyved:
ax, /2t +9 - § = 0, (19)

where the X, are extensive quantities referred to unit volume.

We also kvow that

s/t = ) (3s/d%) dx, /3t = ) F, ¥ /3t . (20)
le k
Then, from Egs. (17) - (20), we may write

:Z..; Fk aﬂtkfat e o A -}: - }d ‘Mi“’ {axk!‘dt o T e Ek}
&
and thexefore

-l

e
% = Y B3 4
Jg 2 T S
4

-3 e
wheze ¢ 1s a comstant veector. If we reguire 3j_. to vanish
&



therefore
- T e
= 5 G910
Ig L T dye - (215
k

It should be noted that Eq. (21) relating entropy curvent to
currents of extensive guantities for the continuous case is
consistent with the corresponding expressiocn for the discrete

case, dS/dc = ZJFk dxk/dt .

Linear Processes and the Onsapger Coefficients

We shall assume that each local flux depends only on
the instantaneous local affinities and upon local intensive
parameters. Such a system is said to be Markeffian. For
example, in a discrete system the fluxes are J; = de/dt and
the associated affinities ave 5?% = Fk - Fk . Dur assupption

then takes the form

5, = .:sk{?é,:jlig cie s By By wee) o (22

For continuous systems we replace Jk by ?k and 3*%
becomes VF, . Each flux depends on all sffinities and all

ts own. Lt ilg tryue that each

beda

just

«

Lis

intensive variasbles, no
flux tends to depend most strongly on its own assoclated
affinity, but the dependence of a flux on other affinities is
a source of some of the most interesting phenomena in the

fleld of irreversible thermodynamics.
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Gach Flum is kaown to venish as the affinities waunish,

So we can sxpand Sy, in powers of the affinities with no

; T . i Lk . -
Je = LupfFy QD L L a1 Tyt e s (23)
i i
where
Lyg = Q8 /37D, » exc. (24)

The subscript eq wmeans the derivative is to be evaluated

under equilibriuvm conditions. The L., are called flrst oxder

ik
kinetic coefficients. When we neglect all but the f£irxst
suommation in Bg. {23), we have what is known as g liasarx

Harkoff process; lL.e.,

Y = Ll - (25)
3

For such a proecess the ij matrix iec symmetric; that is,
ij = ij « The proof of this result; koown as the Onsagex
reciprocity theorem, follows.

Define 5%@{&3 = ﬁ.(t} = Kj . This is the departure
From eguilibrium in & fluctuation. Lot us consider the follow-
ing correlation moment (sometimzs called a corvelation function)

of a fluctuating systa

T
~“ ~ i* A )
8X. (e} 8K (x + 7) = Lim (1/27) | 8X,{(t) 6X (¢ + Tidr . (26}
B Teres T 3 -
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What fs the physical signiflecance of the covrelation Lunctlon:

Let us considar a particular contlnuously vsriable random

%

P
guancity, for instsmee the variation in volume 6V{t) due o
random fluctwations of a thermodynamlc system in contact with

a pressure reserveir (see F 33,

L B
g
#

Systenm

Ll

i

Z.

AN
V(i) = Volume Pressure Reservoir

f,{;f:’

el

7

T

~

(“- movable piston

/)

Fig. (3)

Tha volume of the system im Fig. 3 will comtinually fluctuate.
If at the moment ¢ the value of 8V(:) is large, then the
probability is small that at © + 7 (7 small) 5%{@ + T)

will be zero, say. For laxgé yalues of 7 , however, OoV{t)
and 6@(t + %) should be essentislly independent random
quantities. Therefore, something of interest would be the

value of 7 for which these random variables become essentially

independent. A measuve of this mutual dependence betwaen values



~ Fa Y
of &V{c) and oV(t + v) i3 precisely what the correlation
function gives.

We assume that the spontapesus fluctuations comstitute

a stationaxy random process; the process is symsetric in time.

That is, probabilitiss are completely independent of a shift
in the time origin and e relative times are significant.

Hence, since only relative times are important:

S O .13‘.;.-,,,\— s A T o 5
ejéga) émk&m Ty 5Kj(L 7 5kk{a} . (27}

Subtract @%iig} 5ﬁk{t} from each side of Eg. (27) and
divide the result by T !

SR (2 1) - B (E)s OR (e + 1) - BRi() .
o, | ] = - ] ke - L8

et 7= 0 in Eq. (28) to obtalnm

2 3 L b p .
bky 8% = 0K, OX, . (29)

4

We wust now make another Ilmpoxrtant assumption: He

assume that the decay of the fluctuation is govermed by the

==

same linear dwvnamiecal lews as ave macroszcopic processss.

Since the linear macroscople processes are governed by

g = I Ly, ¥, the decay of & fluctvation 1s then governed
by

i & ~
6%, = § Ty OF (30)
i
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Substitute Bg. (30) into Eg. (22):

g o P o

- . 8%, &F . 313
L Ly 8%y OFy 2‘4113 ¥y % (313
% i

, L E
We now employ the so«called erxgodic hypothegis that says

time averages cem be replsaced by sverages taken with the aid

of the probability distribution function £(R., X., ...)

Hence

< of, &§k> ! (32)

But Eq. (12) gives <5ﬁ, 6?i> = = k &, and

J
therafore

or

zjk es ij ; (33)

This 1s the famous Onsager reciprocity theorem.
This completes cur discussion of the basic ideas of
irreversible thermodynamics. We shall now consider a specific

problem; the derivation of the stress-strain relation for an

g’;w ] Kl
L. Prigogine, Thermodvnamics of Irveversible Processes,
Interscience Publishers, Second Ecditiom 1961, p. 56.
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rreversible thermedynanics

ficiil

anelastic solid. exntbooks

]

treat other applications of this theory, and to get a batiex
idea of some of the general vesults dizcussed in this zeport,
it would be worthwhile to look at a few of these othex
applications.
V. APPLICATION TO STRESS-ZTRAIN
RELATEON FOR AN ANELASTIC
SOLID
There are numerous ways to derive rate-dependent
stress-strain relations, but most of these methods seem to be
sowewhat arbitrary: we put inte the devivation whatever we
need to get the desired answer. The formatiom of irveversible
thermodynamics suggests an approach wihilch is not guite so
arbitrary. We shall now consider these different ways of
ocbtaining rate-dependent stress~strain relations for amelastic
selids.
Anelastic selids are often visualized in teyms of a
series of springs and dashpots. & particular arrangement of

springs and dashpots 1s shown in Fig. 4.

) e AANAAA
strain = &, I
‘ 2
Z
o strain = €y > Gy
f i B
i 1
= 1
<
g
Z . bz g
7 ] 9
5
Z total strain = ¢
WA
- e ANV >
_Z %9

ky
Fig. (&)
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In Flg. (&) o = gy + oy ig the total stcess, o, is the
stress transmitted through the upper elewent, 6, is the
stress transmitted through the lower element, &, is the

strain in deshpor 1, &, 18 the strain in dashpet 2 , and

' B B e £ 4% 5
¢ = &, 4+ 6, . From Fig. (4} wa see
3 &

Gy = ko {343

A+ i

3

i t e H 4 £3%
oy = E:{,Pﬁ‘} v 12?32 r*h“‘]

b £ e i [ 2 1z e

This reduces to the standard linesar solid for W, = 0. Other
conbinations of springe and dashpots may give a similaw resu.t,
< = & ZF

The devivation given above i3 guite unszatisfactory, since we
know solids arve not wade of sprimgs and dashpots. We therefove
seck a more physical basis for the stress-etrain velation.

{such as w~izon)

[

Consider a body-centered-cuble lattic
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in which there exist interstitial impurities (such as carbon
atoms). We make the assumptien that in the abesence of impurity

atoms the material behaves as a linear viscoelastilce solid:

1, defde +¢ = Elo, (4

o
L
p g

where Ty is a characteristic time and E© is Young's
modulus. When impurities are present and the material is not
strained, the impurities occupy all faces of the bee lattice
with equal probability. However, when a strain is applied,
faces perpendicular to the strain direction become preferrved

as possible sites foxr impurity atoms. This ls shown in Fig. 5.

e §ETALT

Let ﬁp(%) be the equilibrium number of impurities om the
preferred sites (P) corresponding to the curreni value of

the strain ¢. Let n be the total number of impurities,



]
Lad

then clearly

Hp (0) = n/3.

We shall assume that H?(@) increases linearly with stwain:
ﬂpie} = n/3 + G . (41)

Let np equal the instantaneous number of lwpurities om
preferred sites. This will not necessarily equal ﬁp(ﬂ) since
it takes time for the impurities to adjust to the curreni
equilibrium situation amnd, in addition, the equilibrium number
itself changes as the material is strained. Define

&np £

3o 5 lenc
mp Wp(ﬁ) Hence

d{Amp)]dt = - G & + ﬁp : {42)

We further assume that L tends to adiust to the current

value of ﬁp{&) by a relaxation mechanism governed by

5? = = &nprZ 5 {43)

where 7, is a relaxation time. Hence, from Egs. (42) and

{432,
d(&np)/dt = -0 & = ﬁnpf?z 3 (44)

Since Anp depends on the strain, we shall assume
that the strain also depends directly on &np . The physical

basis for this assumpiion can be seen from the following
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argument: Let us imagine the latitice to be in a state of
zeroc external stress and in equilibriuvm; i.e., zero strain.

Look at the unit cell shown in Fig. 6.

_O— F ""‘“‘f‘/'""o
]
(D:;“““"”““; P 1

.
: ' direction in whiéﬁh
) gstrain is to be
) applied

A B 7,)

Fig. (6)

Because of bee lattice structure it can be seen that all
positions labelled P arve equivalent. These sites represent
oreferred positicons when a strain is applied. Taking an
impurity atom from an unpreferved site and putting it in a
preferred site can be seen to distort the lattice in the
direction in which the strain is to be applied. Hence an
excess of P impurities above the equilibrium value must

increasse the strain.
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In view of these argumente we modify the visco-elastic

relation, Eq. (40), to read

g e J bn_ . {45)

Ty de/dt + e = E s

Eliminating &np between Bgs. (44) and (45) givesz

T+ T = BT, 8+ vyl # 36+ Ty/ry)e +e] . (46)

Equation (46) is equivalent to Eq. (39) obtained from the
spring and dashpot arrvangement.

In both previcus developments of the anelastic
relationship between styress and strain, the various assump-
tions seem somewhat arbitrary. The second method of deriva-
tion is an improvement over the spring and dashpot model since
it has a veasonable physical basis. The second method still
involves assumptions which, while they are certainly reasonable,
are still somewhat arbitrary. Hence, in an effort to avoid
these objections, we shall use the well established, unambig-
uous formalism of irreversible thermodynamics to dexrive the
anelastic relationshin between stress and strailm for the model
considered in this section.

In order to apply the theory of Irreversible thermo-
dynamics to the problem of finding a time-dependent stress-
strain relation for the aneliastic solid under consideration,
we must calculate the dependence of the configurational emtropy

on the distvibution of iwmpurities over all available lattice
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sites. Let Hp be the number of "preferred” lattice sites
out of a total of N sites. Let 1y be the number of
impurities on the "preferred” sites out of a total of n
impurities. & distribution Is completely specified by giving
the number Ty The number of complexions of this distribu-
tion is just the nuwmber of ways the indistinguishable lmpur-
ities can be arranged on the distinguishablie lattice sites
suchh that the number of impurities on preferred sites is
equal to g if the number of preferred sites is some frac-
tion of the total number, say ﬁﬁ = oN, then the number of
complexions assoclated with the distributlion of ny impurities

on preferred sites is simply

(gN) ! [(bg)ﬂ]!

- N CY)
(e¥-n)! ny! | (L-g)l=ning |! (nemy)!

=

The configurational entropy assoclated with this distribution

will be taken as

SC = kInW,

where k 1s Boltzmaonn's constent. The quantity g can in
sone sense be thought of as the probability of an impurity
being found on a preferred site. This can best be 1llustrated
by computing &he'@thOpy from Egs. (47) and {48) and then

maxinizing the resulting expression to find the equilibrium
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value of T . Substituting Bg. (47) into BEg. (48) end using

i

Stirling’s approximztion we obtain

./t = gl ln(gh) + (1-g)N | (1-)N | - (ght-n;) 1a(gh-n,)

-y

s
= my Imomy - f{ing}ﬁ - a +ny | inf (1~g)H - n + ngj

!
- {nwﬂi} in {nwnl) . {49)
The eguilibrive value of Ry can be found by maximizing this

expression; l.e., the equilibriuvm value of Ty satisfies the

following expression:

{gh-n; ) (n-n, )
(/20 )(5,/K) = 1n |- e ] T
' “L{1l~g}® - n %"miﬁnl
Hence
{ﬁlkaq = gn . {50
This mezns g Iis that fractlon of the totzl number of
fmpurities which ave on preferved sites when equilibrium has
been established. The cssumption we now make is that g in-
greases linearly with strain. At zero strain g = 1/3, and
thervefore we write
gfe) = 1/3 +Ge . {31}

with g(e¢) given by Ea. (51), Eq. (42) gives the configura-
tiomal entropy as a functiom of strain and impurity number n..

A plot of SQ and ﬁﬁcfﬁnj is shown qualitatively in Pig. (7).
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increasing ¢

i

increasing ¢

¥i

the configurational part we have just caleulated:

S

In the calculiat

7)

2

The tetal entropy is the sum of a thermal part and

= o
Se +'Sc S

(32)

jon presented hore we shall igaore emergy flux
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and temparature variatlon; the only extensive variables which

will be cousidered ©o change ave ¢ and Dy. The formalism
ef linear irrveversilblic thermodynamice then says the behavieor
of the system can be caleulated from the following palr of

i
coupled couations:

—
e = 3| Bofde o a s Y YRR
¢ = 1yy[38/20 - 8fe) .| 4 1y, 35700y - (A8/An;) ]
| . RZ )
= ig4 & el a/s i i E..*r a8 /i o 5 !
Kll 91!&*} ’3/.‘3"?’ (adft"ﬁ}ﬁqi i bizin“wjaﬂl (aﬁlanl}eq-j
sl
In analogy with (38/3V veo = p/T we shall write
3g. /e = (Vy/T)e , (54
and

i
K75
i
L)

(agtjm}m = (Vy/T) Py ™ {V,/T) Re

Then combining Bes. (32)-{55) we have

iy
u‘ == ‘ 1 i 'Y = E o ks o 3 f i 1 e 4 ) ”i
g iliLivgﬁfif (¥0Leji} ’ {aﬁciﬂgg (abe!ag)eﬁj
"’f' I&E‘?{ag{:fé‘iﬁi}
¥ . ﬁ ~{58)
fy = Loyt (V97 ) = (VoEe/T) + {asﬁfag} - {gsc;a@)ﬁqj
where we have used {mu fan, } = 0. 7%¢ has also been assuwed

that the thermal contribution te the totsl entropy ls iadependent

i %] I
of iy
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From Bo. (49) we have

1 s (=7

amnd

-l {(L-glt-ntay I )
{(dg Joe) = ' Wk in| \ | {58)
& “{1-g ) {gi-n, )

where g’ = dg/de . Ve ifmmedinvely see from Eq. (58)

that

Lo

T " 5 "o e A . GO
{.ﬂ&‘eiahée{% % "“c}f‘)e! L mi-ﬁm 2 6 i {“‘g.}

Since we shall comsider only those cases where departure fyom
eguilibrium 1s small, we can expend Egs. (57) and (58) in a2
Taylor's sevies szbout mn, = gn and keep only the linear

terms in the eupans Since

: f?? & ah fae = )
Las, /ony By gn » lag jasl) =gn

we khave approwimately

8% A%y 9 kN

[ & . e
SO mmw%. {ﬁ‘i mg’ﬂ} T T —— (f; ..g :g (g‘:{'}}
Ay, iy, A B S Ly -r_‘a
| s W 2n(N-a)

i
=Y ™, daw
oS, als o gk QN
. i > i i ] i oy 4
Tmtmgm o é s | {ﬁimgﬁ} 2 mesemmssress (mﬂ m@ﬂ? . (éé;}i
aa B, e ‘ 2{H-n2 ?
& Kby =200 B
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where we have assumed |[G¢] << 1 ., Substicution of Egs. {59}

(61} into Eqgs. (56) vields

) v, 9 kN h
© = Lyf(e - Ee) + TR CHEE D
- 2n{N-n)
> (62)
My = Lagu{o - B€) 4 oo 1 LgqGn = L ny ~ nGe) ,
1 21% PPN i oy A

o

where Omy = n, - n/3 , and éﬁi = é{&nl)/dta Bguations

{62) can be written

@

€ m Aj{@ - Be) @-A?(&ui - nGe)
&ﬁ? = Eiis - Fe} + Bziﬂa? - nGey ,
where
. 3 9 kN
e T N L B raged R
vy 9 % N |
By = Loy s By = — (Lyy Gm = Lyod 5

2n(S-n)
Eliminating &nl between Egs. (63) and (64) we obtain
e - * *®
v ¢ = f{r-E e¢) 4+ (v ~ Ee) ,

where

(63)

(66)

(653

(€65

(87}
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A
%; £
E = E+g56-3,.
»33‘
Fouation (67) ie the vesult we want. This relstionship
betweon stress and etrain is of emactly the same form as

those ziven by Bge. (3%) and (46).



