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TT~~Jc jil:xess-Strain l!_elations 

1.) Assume that no body torques exist in the medium of 1ntezest 
so that the st~ess tensor, denoted by a!j' is symmetric, i.e. 

2) Le~ eij be the euleYian strain tensor, defined as 

"" !t~ui + ~u,) 
2\axj ox1 ' . 

(1) 

(2) 

whe~e ui rGpresents components of the displacement vacto~. By its 
very definition the strain tensor is symmetrical, i.e. 

(3) 

3) In the most general case a linear relation between stress 
and ~trsin will take the form of either 

0 .. J. 

(4) 

(5) 
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) Tlie co;2ffi.c:tents Cijk.£ a~e usually called stiffness coefficients, 
while the coefficients Sijlt.t are usually cs.lied elastic compliance 
coeffici.ents. 

4) Symmetry properties of Cijkt (or Sijki>· 

(6) 

(7) 

(8) 

Usins (3), (7) becomes 

(9) 

which imp lies 

(10) 

In an analogous way all of (6) may be established, and (6) may be 
eJttended to include the elastic compliem:e coefficients. 

A st~ain energy argument is used to establish (7). Consider 
an clement of unstrained material in the form of a unit cube. If 
stresses are now introduced to produce a small homogeneous strain 
Ati.j given by 

(11) 

in the infinitesimal limit let 

(12) 
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If th~ strain occurs at constant temperatu~e, then the increase 
in Gibbs free energy per unit volume is given by 

Now using (8), 

Taking the paxtial derivative of (15) with respect to ekt yields 

But the order of differentiation is immaterial. since Gibbs free 
energy is a state function. or 

5) Transformation Properties of Cijkt (or Sijkt). 

(13) 

(14) 

(15) 

(16) 

(17) 

Cijkt is a fourth rank tensor whose components transform 
accozding to the following rule fox oxthogonal transformations; 

c~tu·'i = cijk.tAsiAtjAukAv .t' 

wheze Aij is the direction.cosine between the 1th axis of the 
trsnsfozmed set and the j th a.~is of the original set of axes. 

(18) 



i, 

J.) D~velopmenc of the Gene1:al Equation of Motion 

The equation of: motion for the wave propagation problem 
ic o':)i:aincd by equating the volume force to the density times the 
.:!c.-:c 1 Ci: s t i on, or 

Fo,: ('!mall displacements (19) becomes 

Us1. 13 ( 4) and (2), (20) becomes 

For A homogeneous medium asslnne 

2 
a ~1 

m p ,.... 
~t 

l10··1 1~21.) becomes, using (6) and (22), 

2 2 
1 • ( c) uk + a u 1, ) 

2 Cjikt i x1~xt ~x1bxk, 

(19) 

(20) 

(21) 

(22) 

(23) 

This ie the general equation that is to be solved in orde~ 
to rl:i.G~trna wave propagation in an anisotropic medium. 

2) Propagation Modes for any given Direction in an Anisotropic 
Medium 



) 

' : ,,.,. ' .. 

::::: 

_, _.. 
k = k a1 , 

Now using becomes 

.. 
u 

0. (27) 

solution exists if antl only • .i:: 
l..1. 

2 
! C11 - p 11..,,. " • I ! = 0 . l .jk k,l Jt<! 

{28) 

(ll) 2 p ~~ j ll ... - (29) 

(30) 

. .-;,:·•. ::U.-.:::ut.ion of ;\ 1 in,:o (27) will give the paz'i:::f.c1.c c'.isplacements 

r1 :.:··:,3 :1. 'li:ed : ;::th e;ch mode. £my i th mode will b,2 completele speci-
,.' " , • r '•:io·) • -=-( i) 

.,~ : .•. :.:· ).;,y 8ne set ox ,., a.net u . 



;' ~ ... 
• ·, .. • • • . ~ ·~ .. t . 

-~:~12 s-;.:iifness tensm7 c.~ !-l·., i.s roL,,.:1.::c<l 
-'•] '-X, 

of t ·~:ie t:~-:a11:~::'{>rr,~t~tl set o.: a~rec .:~o:· .. ncidec 

::_:~c;:<:5.:}~1::' :b.1 czystals of h:1.gh. syrrrm<:?tty this :ts often th.o less 

t:: ~1 : n,.,:,; r.,e thod. Fo?. principal d:b:ection in crystals of h:.tgh sym-

solut:ton for the 

Find modes of propt!g,:rtion in Lil? in [l:JO] clir0ction , 
-"' 
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""' 
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:.:.:. .. . .._ other Cijk.e 

:..;; 
,.. 
~2233 
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"'1212 
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(1.112-A) 

0 
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' /\ 1 ::: 1.112 
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t\ 2 = 0 . 42 

p 

-- 0. 42 

- 0. 628 

0 

( 0. L:.2-- ;t ) 

0 

~ 
2. 6l:-6 g/ cm-' 

1.112 x 1012 dyntt!s/cm2, 

!{ 1012 1 / 2 oynes cm, 

Jt 1012 

0 

0 

(0 . 42-Ji. ) 

2 dynes /cm, 

= 0 



_,. (l) ...,. 
arhi-t::azy u • = l'l •• .n ., :1· ' 1 

1. I • '-•l 

-'>( 2) 
\3 = -.... ~ 'J 

-u2uz:, u .... 
t:. 

a.,. .iD ., c· , .. ,.::i,• ,~ 
;;. ..... . ,;. "·-:; 

{ 'J) ..,. u...,J,. = u. ~ • u3 arb 1. tr e.1:7 ·3c,.3!i 

D:.: ·:::: U} the sycY!..."'letries of c.j 1 _,,, as given by (6) and (7) , 
l. t~x, 

1Y::·i_ •. T 7 1. ot ·c::1.e 81 stiffncss coefficients cijk .€ are independent . 

·\)' • :'.:h3 9 co:.1poneuts of t·~1e stress tensor, c-ij !) only 6 are 
•• ... :~:::.::- ·:~~1r2nt; .a~d coxzespo,:dingly, for t:he stz-eln tensoz- , eij' 

0.,:· ·, 6 ----: omponents are ind,ependent . A matrix notation scheme is 

:J ':;; :::, i::.ti..'oclucecl for the convenience of being able to use a 
·'·.·.-::(1;_ -::Jr~'1 mat:rix raultipli::!ation r.:H:::heme for the constituc::ive rela-

follo-ws: 



·. 
(,: 

2 
e 

3 
e 

33 
/'Y 

23 4 = 

5 
<.; + G 
31 13 

e 
6 

a: + e 
12 21 

'i,-1 :.:,.:.', ::ct~er the numbering sequence for ro~tri.~ il.'lOtation, i.e. 11 ~ 

-~~, J:, 23 , 31, 12, ass mcmcnic device list the stress (or 

11 

r 
L 

12 

22 

13 l --~ 
23 

33 

T'':,::c, ::r J:.:es of t:he ter.ms crossed will trace Ot:it the sequence 

te;r1sor ....,. matrix 
notation not~tion 

11. 1 

22 2 

33 3 
? '~ , . ..,, 4 

13 5 

12 6 
:~:·~~_,_____,_. --~--~-------·--------

'::.'ll3 1..:r;:;_::;: -::-s:oss texms deletc~d are used to 

Le. o . .1J.y the independent elements are listed . 

(32) 
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,.. -i 
fen Cl2 C13 

,,, 
c .l ,~ c, ~01 r<c!,(.7 

-~ . 

I '-' ~ ._.ll:. l 1., -2,..) 
- ! t . 

I" 21 C22 C23 C2l~ C25 C26f €2 

I j . 
C33 C3ti c ....... c361 E:3 I :~ii .J.::> 

::::: 

G/1;4 Cl}5 
,.. 

IS 

i li I' 
'-'46 ti, 

t::J 
C55 cs6 €,.. 

:, 
,., 

G 6 ~6~_L .. 
, 

a-. = c .. e~ . 
l. l.J J 

·;,.,e: :::::?·i.,~tion 'Jetween Cmr-i in matrix form and Cijk.t in tensor form 
-·.-:: --·:.,~:.1 th~t i anl j determine m, ancl k ancl .e dete:r:mine n through 

r · ....... ... 

L) Convert CL}.5 to tensor a1ota.ti.on . 

' '") \.'• ... ':.; . 

C 

4 

5 

1213 

.... 23 

13 

12 ,.. 6 

13 - 5 
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-,.·. . .• ~ 
. ; . ' '. 

C -· f" 
rota v!'3'fl • 

.. ~: ·;:~_'..;;;; gGr.~:a:al case ,;:..,.:tth rw crystal symmetry the::~~ t;ill be 

~:;·; :;:.y:,:c:•);:;:,.!£.k:::rt slant:.i.ce stif::ne:: st:'. (o:.: compli.-211co) coefficients. 

·.·: r~ >~ -~ s~1-.-'1 .:::c:zy ope::ratf-c,ns wi 1.1 z-;2duce ·;;h:i.s :]umber. For the caBc 

'~,:, .. 1·~te1.:.":li:.1~ th~ e:,:ter.it o f crystal aniaotropy look to t:he 
·:c,}. :· -~--:.c -~ (~t>r (.. vb ,e, c..:c 1~t•I s "r- \ ,J) 

R, 

R ,.., ani.sotropy r~tio . 

R "" l; complete elast i c isotropy. 

R 'f l; elsstie: a:nisotropy. 

Compare th.e .anisot:.ropy :iratio of W and Y ... lf. 

ell = 5 . 233 X 1012 dy;..1es/ cr.:l 

("> 

'-'12 ""' 2. Ol:.S 
l? 

dynes/cm2 
X 10--·~ 

C4l:- = 1.607 ..... 1012 dynes/crn2 .... 

(37) 
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, ..... ~.. '='' ·t rin ....,. 
,;1 - '"' .... ...,, •• ·:. ... 

ell -- 1.112 r 1012 iJyne s / c1:/ 

C"".., O.l?-2 ~012 dynes/cm 2 ··- 1:: l. 
Li. 

ct:.t;, -- 0. 628 j ~ 1012 dynes/cm2 

RL·i~ = r-•~,!.9..:_§1.§l..__ 
1 .112 ~ 0 . 42 = 1.e1 

r:;·.~_:.·:.~.:::' ... 1:t~ Co?JsldE;:c one 2-fold a:&is o f sy,mnet:ry s.bot1t lt1 ; fin3 
;_::_:.:~: .::_;i. -,_··::~.: o-.C :~nclepem:1ent el~stic stif~ness coeffictents. 

X2 - - - - - - -. l 
I 
I 
I 
I 
I 
I 
xj 

X 2 

j ·.::Lr~~::'.on 3.S shac·m rn•.;i~t not affect form of the stiffness matr:b:. 
'i• . ~::. p::):,:. '.:::.::1 is moG'i: fo:tmally done by : 
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"~, ... ~ > '" ; ,\ " 

., 
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C..:--i: ~- ,,,·,. ,...' 

{,"'. i 
'-.

4 I .. ~ L~!t 6 

to 

1 - 1 
2 ..., -2 ( •:,,,., ·, ..iJ,J} 

3 - -3. 

11 ... ;. .. , 11 

22 -> 22 

33 - 33 (39 ) 
23 .... 23 

31 - -31 
12 - ~12. 

l - l 

2 - 2 

3 - 3 ( l,.O) 
I.~ .. i¼, 

5 .... , -5 
6 .... -6 
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r ... ~l 
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~, C1,., f" c~ ,4 

_,.. 
. (~ -1 1 , .. 1: 'II v J.5 - '·•1 -.;I I -- L :!:,, ,.,.:, -~- t ... ,.. -~· , 

c?.2 c,., ., C . .... ( ~,-- f! 
,.. ' 

i,,, . ) 2t~ .(j ··,~25 : 

C r~~ C3tb -C35 ·•C,_ ,.r: l 
•"": ·, I ..:,_j .. :m. (41) -

I ,. -i r: ,,.. I '"'l>4 ~ fJ/ r 

I l:.:.> ~~-0 , 

I C,~c C~,.. 
:);;}I -:; -·i t c6:: . 

:J 

ell Cl,., C13 C14 0 0 l .t. 

C22 Cz3 C24 0 0 

C C34 0 () 
~-.; ('I 33 ( 4 2) ' - ..., ·-

C44 0 0 

C55 c.,6 
C,6 iO. . 

, • :·:··;?r- :.:l ,::~i::\s of symmetry :;::ecluces t:he ni.m:iber of independent 
·: ::· ., :: .. :~~"~:. :i:':.1:.:cm 21 to 13. 


