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Basic Stregs-Strain Relations

1)  Assume that no body torques exist in the medium of Intezest
go that the stress temsor, denoted by T15° is symmetriec, 1.e.

aij = Uji. (1)
2) Let eij be the eulevian stzain tensor, defined as
T
®13 5%, *"a':':'i’)'_ (2)

whexe uy represents components of the displacement vector. By its
very definition the strain tensor is symmetrical, i.e.

¢y = ITE (3

3) In the most general case a linear relation between stress
and strain will take the form of either

%3 = cijkz‘kz’ (&)

€35 = SijkeTws” (5)
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The cozfficients Cijk; are usually called stiffness coefficients,
while the coefficlents Sijkﬁ are usually ¢alled elastic compliance

coefficients.

4)  Symmetry properties of‘cijk£ {ox Sijkg)'

Ciqee = Cigmx = Cyiws = Cyimk (6)

Cise = Ckaig @

To show (6) write

o33 = Cijce®rec (&)

Using (3), (7) becomes

T35 = Cigue®ac = Cgjexis’d (9)
which implies

Ciske = Cigsecr (10)

In an analogous way all of (8) may be established, and (6) may be
exitended to include the elastic compliance coefficients.

A strain energy argument is used to establish (7). Consider
an clement . of unstrained material in the form of a unit cube. If
stresses are now introduced to produce a small homogeneous strain
bey g given by

g [l a(au)]
ﬁeij 2z [ 3% * %y J's (11)

in the infinitesimal 1imit let
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1f the straln occurs at constant temperature, then the lncrease
in Gibbs fiee energy per unit volume is given by

How using (8),
aF = Cijueked®iye (14)
3eq3 . _cijkz‘kx‘- (13)

Taking the partial derivative of (15) with respect %o ¢, , ylelds

3_(3F N .
aekﬂ(seij) Cijkg' (16)

But the order of differentiation is immaterial, since Gibbs free
energy is a state functiom, or

2 a1 - - () -
) eij) Cgit ©13 0%k Gty 1

5) Transformation Properties of Cijkz (or sijkz)'

Cijkz is a fourth rank tensor ﬁhose components transform
according to the following rule for orthogonal transformations;
¢ =
Coeuy Cy i eBeibiiPurdvy (18)
where A;. 1s the direction cosine between the 1™ axis of the
transformed set and the jth axis of the original set of axzes.
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1}  Development of the Ceneral Equation of Motion

The equation of motion for the wave propagation problem
Ls obtained by equating the volume force to the density times the
acceleration, oz

2 pfff% (19)
a-m--a- = .
axi ij dt .

Fou small displacements (19) becomes
3 2% (20)
w13 T F ';t'fi

Using {4) and (2), (20) becomes

- 2
du du : 3%y
b — o el
5w C - 4 o 7-1 (21)
Z 3%, :i.jk.'.(ax-z ox, / P %
For a homogeneous medium assume
.—aao— =
dowy (21) becomes, using (6) and (22),
2 2 2
1 37y L) - “g |
C + ) = . (23)
Z “yike (Bxibx!’ o BXy o 3t

This is the general equation that is to be solved in oxder
to discuss wave propagation in an anisotropic medium.

Z2)  Propagation Modes for any gilven Direction in an Anisotyopic
Medium
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For principal diﬁectzﬁn in ecxystals of high sym-~
often easier to reformulate the solution for the
substitute {(24) inte (23) 2nd work out the resulis

aigo mwalues for the solu-

LiT at 300°% p = 2.646 gfcm
- = i@ - P e 12 2
" = " _ 12 & 2
‘»r-g %-22 613-33 o b2233 = 9.-52'2 pi 3..0 G}ﬁfl@ﬁlcm 9
e - 0.628 x 102 dynes/cm?
2323 3131 %1212 e 5 THERIEN »
‘—T“s ¢ ,‘3‘!‘& 3 . o = .
11 othe gljkﬂ g
{203 becames'
f(1.112-3) G 0 f
0 (0.42+} o | = o0
0 0 (0.42-2) g
Ay ® 1.112
from {30)
2, = fv{l}E “;J’%%%g% . = 6.5 mn/psec
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Marwle Motation in Elasticity

Buz to the synmetries of F*jkg ae given by (8) and (7),
aniv £1 of the 81 stiffness coefficients Cajkﬁ are indenendent.
Fow the O components of the stress tewsor, €340 only 6 are
lndonendent; and corvespondingly, for the strainm temscr, eij’
L & components arve indspendent. A matrix notation scheme is
ofton intveduced fox the convenience of being able to use a

Yraducad” matriz multiplication scheme for the constitutive vela-

Tiouns bDebween sivesg andé strain Motriz notation is relatad to
e tenoor components as follows:
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Tho indlzes of the terms crossed will trace out the seguence
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zross terns deleted are used to ilmply a symmzizric matzin,
i.e. only the independent elements are listed.



e canstiiutive relsnion between glress and strain may be
rithen as
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fhe aiation between ﬁm@ in matvin form and cijkﬁ in tensor form

i
‘72 ool that L and j detezmine m,and k and £ determine n through
” ;f; L

&) Convert 645 to teangor notation.

By (33)
i ‘ 4~ 23
5 * 13
0 Cas = Caapz-
W) Convert 62113 to matrix notation.
Ci213 © Ca113
by {33)
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of Crystal Syrmetyy on %iikﬁ
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2l case with no crystal symmetry there will be
1 ffnese (or complisnce) coefiicients.
5

&
ry8 operaticns will zeduce this aumber, Fer the casc
C HELEY €. the isotvopic case, the number of imde-

the exztent of cvrystal anisotropy look to the
e cxystels enly)

2 _
7 é&f%"m = R, (37)
11 12
R = anisotropy ratlo.
R = 1; complete elastic isotropy.
1; elaetic anisotropy.

we
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30 Compare the anisotropy ratio of W and LIF.
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Z2-fold axis of symmetry about %y 5 find
elastic stiffness coefficients.
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Latlon as schown must not affect form of the stiffness matriz.

a

Thn problon 1g moast formally done by:

a3l finding the transformation matrix,

1 0 0
A = |0-1 0
o 0 -1].
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1
2 = =3 (33}
3

o

dual sets of indices transform as products of (38), oz

rreach

11 = 11

22 = 22

33 = 33 (39)
23 = 2

2 = =3k

12 = =12,

Iz iatvin fovm {3%) becoues

¢

2 = 2 (40)

5 #* =3
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