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ABSTRACT

In order to perform numerical calculations of slow flow of solids it is proposed
that an implicit calculational procedure be developed. The objective is to extend the range of
applicability of the general purpose explicit methods without making any physical
assumptions, and to allow the same generality in specifying material properties that is
possible in the explicit methods. A general purpose calculational tool is to be developed.
The non-linear implicit equations will be solved to second order in the time step by two
iterations of linear equations appropriate to small increments in the variables. The linearized

equations will be solved by the alternating direction method.

* An alternative procedure has been described in Reference 26.
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CALCULATIONS OF FLOW OF SOLIDS OVER LONG PERIODS OF TIME

SECTION I
INTRODUCTION

In order to perform a numerical calculation from first principles of any phenomenon
in continuum mechanics, the materials involved must be divided by a grid into small, but
finite, pieces called cells or zones. Initial values of the relevant variables, such as velocity,
density, stress, and temperature, are defined in each zone. The solution is then advanced
through time in small, but finite, steps. The equations used to advance the solution are
finite difference analogues of the partial differential equations applicable to the continuum
problem. The book by Richtmyer and Morton (Ref. 1) is a comprehensive treatment of
finite difference methods.

For the case of linear equations, a great body of mathematical theory may be applied
to examine the convergence and stability of the finite difference equations. However, finite
difference equations can also be used for non-linear problems, and have been most useful
for such problems. In fact, finite difference calculations are the only generally applicable
method for solving the non-linear problems of the real world.

Most existing methods for the calculation of dynamic motion of continuous media
are explicit methods and are best suited for problems in which the propagation of shocks or
elasto-plastic waves (slowly varying waves of brief duration in any medium) is of interest.
In these methods the finite difference equations for the advanced values may be solved in
such an order that each unknown is determined explicitly from values already known. In
the explicit methods the advanced value of a variable in one zone does not depend on
advanced values in neighboring zones. Generally, numerical information is not allowed to
propagate more than one space zone in one time step.

Explicit methods can not be used to solve elliptic differential equations (as for static

equilibrium), and can be used for parabolic equations (such as heat conduction) only with



the time step restricted to a higher order of smallness than the zone size. In the case of
hyperbolic equations (for wave-like problems, such as arise in the dynamic motion of
compressible materials) there is a maximum signal velocity in the physical problem, so that
explicit finite difference methods can be used. The requirement that the numerical domain
of dependence of a point in space-time include its physical domain of dependence is the
familiar Courant-Friedrichs-Lewy stability condition for hyperbolic problems. Expressed in
another way, the stability condition is that the time step must be less than the sound transit
time across a zone.

In order that the number of time steps taken (and correspondingly, the amount of
computer time spent) be reasonably bounded, the feasible time duration of the solution is
generally not many times longer than the sound transit time across a space region in which
good space resolution is desired. For wave propagation problems with uniform zoning, the
Courant stability criterion is not restrictive, since it is also an accuracy criterion; it gives a
time resolution equivalent to the space resolution.

However, there are other classes of problems in which time dependent motion takes
place slowly over much longer periods and in which wave propagation is not important.
The basic equations for these problems still may be hyperbolic. For instance, if both the
inertia and the compressibility of a material are taken into account, then sound waves can
potentially exist in the material. If explicit finite difference equations are used, then the time
step must satisfy the sound speed stability criterion, even if the boundary conditions are
slowly varying, and the problem being investigated involves such subsonic phenomena as
plastic creep or thermal convection. In these classes of problems, the Courant stability
criterion is a severe restriction.

One class of such problems includes plastic buckling of beams, plates and shells,
and the dynamic plastic motion of structures. A second class is impact and explosive
cratering problems, in which the flow of material after passage of the shock resembles the

phenomena of incompressible flow more closely than it resembles a compressible wave



phenomenon. A third class of problems involves tectonic flow in the earth. This class
includes calculation of stress build-up along faults, mountain building, approach to new
isostatic equilibrium when ice sheets melt, interaction of the crust with material flowing
plastically in the mantle, and all the phenomena of the new global tectonic theory of
continental drift.

Some recent work by Griggs (Ref. 2) furnishes a specific example of a geophysical
calculation in which the Courant stability criterion is unreasonably restrictive. He was
investigating shear melting as a mechanism for deep-focus earthquakes. The cdncept is that
a temperature-dependent strain-rate law, coupled with the heat produced by a plastic shear,
and a finite thermal conductivity can lead to an unstable situation. Run-away slip
(effectively faulting) can occur in a thin region. The run-away slip is limited by inertia and
shear wave propagation. The flow leading up to the run-away condition is very slow. The
object was to find the time interval between run-away slips. An explicit one-dimensional
dynamic code for shear motion was used. It was subject to the Courant stability criterion
for shear waves. In order to calculate the entire process, several hﬁndred thousand time
steps were required.

All of these problems are time-dependent, and some of them are dynamic in the
sense that inertia is important, but propagation of sound waves or shocks is not the
phenomenon of interest in any of these problems. The time interval in which variables
change significantly is long compared to the time required for a sound signal to cross an
element of the structure or the region of interest.

Clearly, if one wishes to avoid the restrictions imposed by the Courant sound speed
stability criterion, then the explicit equations must be abandoned in favor of an implicit set
of equations. Then each zone could communicate with all the others in each time step.
Presumably, the time step required by the calculation would be comparable to the time
interval in which appreciable changes actually occur in the problem. It will be proposed

here that an implicit set of equations, suitable for practical solution of problems, be



developed. One might hope that the physical characteristics of inertia and compressibility,
responsible for the hyperbolic nature of the equations, need not be abandoned.

Existing methods for calculating slow flow of solids or fluids will be surveyed in
Section III. In most of these methods the phenomenon of wave propagation is eliminated
from the problem by making one of two assumptions:

(1) The material is incompressible.

(2) The motion is quasistatic, that is, inertia is not important,

Although each of these assumptions may be justified in a certain restricted range of
problems, neither assumption allows the use of explicit finite difference equations. Each
assumption will change the basic equation from a hyperbolic set to an elliptic set of partial
differential equations. Therefore the finite difference equations used must be implicit in any
case, if the sound speed stability condition is to be avoided.

Nearly all implicit finite difference equations used up to the present time are
restricted to linear problems. On the other hand, explicit equations for hyperbolic problems
have been used extensively for non-linear problems, particularly in hypersonic gas
dynamics, explosive detonation, and propagation of shock waves (Ref, 3). It is possible to
write explicit finite difference equations of motion, with which one can use arbitrary
equations for the material properties. Such general purpose computer programs have been
in use for some years. The material response may be both non-linear and irreversible, The
increase of entropy upon shocking a material and its subsequent isentropic expansion may
be handled. Also discontinuities such as phase transitions, and even the irreversible
thermodynamics of a time dependent phase transitions may be handled (Refs. 4,5). Plastic
yielding of elastic solids may be calculated (Ref. 3, article by M.L. Wilkins). Also the
yielding may be a time dependent stress relaxation, and equations for such macroscopic
relaxation, derived from microscopic dislocation theories, have been applied in shock wave
calculations (Ref. 6). Irreversible compaction of porous materials has been treated (Ref. 7).

Agreement of the calculated results with observation and with exact analytic results in



special cases have given confidence in the general accuracy of the nonlinear calculations,
although little rigorous mathematical analysis of their convergence can be done. The
accuracy varies with different problems, but is typically a few percent when a hundred
zones are used in each space dimension. Numerical calculations allow one to get an
approximate answer to a realistic problem that could not otherwise be done, while analytic
calculations can give an exact answer to an idealized unrealistic problem.

It will be proposed here that an implicit calculational method be developed that
allows the same generality in specifying the material properties that is possible in the

explicit methods.



SECTION II
METHODS OF SOLVING LINEAR IMPLICIT EQUATIONS

Of course, writing down a set of implicit equations leaves one far from a numerical
solution. Any computer calculation, and in fact any numerical hand calculation, must
proceed as a sequence of explicit substitutions. The feasibility of any numerical calculation
based on implicit equations depends crucially upon the method used to find an explicit
solution.

In one space dimension there is a simple and efficient method to solve a system of
linear implicit finite difference equations (Ref. 1, p. 198). Since an unknown value at one
space point is related by the finite difference equations only to the unknown values at
neighboring points, the system of equations is represented by a tridiagonal matrix. The
Gaussian elimination procedure applied to such a system can yield a solution with only
three multiplications and two divisions per space point. Unfortunately, no practical
generalization of the method has been found for more than one space dimension. It is
applicable only to the case where each space point is directly coupled to only two
neighboring points.

In more than one space dimension there are three general methods applicable to the
solution of a set of linear implicit equations:

(1) Matrix inversion.

(2) Iterative relaxation.

(3) Alternating direction or fractional time step methods.
The calculational time required for each of these methods for one step in time will be
compared on the basis of its dependence on the number of zones. Consider a problem in
two space dimensions with n zones in each dimension. In an explicit method the number of

calculational operations is proportional to the number of zones, that is, proportional to n2,



In the case of matrix inversion the number of operations is proportional to the
factorial of the number of zones, n2!. As one goes to finer zoning the calculational time
rapidly becomes astronomical.

Relaxation methods have been used for elliptic equations for more than a century
and are comprehensively treated in the books by Southwell (Ref. 8) and by Forsythe and
Wasow (Ref. 9). Forsythe uses the term displacement instead of relaxation. In a relaxation
method, one uses explicit iterative equations to find successive approximations to the
solution. The approach of the successive approximations to the true solution is analogous
to the approach of a time dependent solution of a diffusion equation to a steady state. As in
the case of the diffusion equation, short wavelength components of the error will relax
quickly. However, the relaxation time of each Fourier component of the error is
proportional to the square of the wavelength. The number of iterations required for the
longest wavelength component to relax is proportional to n2, The time required for each
iteration is proportional to the number of zones, nZ, so that the time required to converge to
the solution for one step in time is proportional to n4.

In the case of linear problems with constant coefficients the convergence of the
relaxation method may be accelerated by using overrelaxation (Ref, 9, p. 242), so that the
number of iterations needed is proportional only to n, and the calculational time to n3. The
optimum amount of overrelaxation depends on the coefficients of the linear equations, so
one cannot expect that the method could be generalized.

The alternating direction method was developed in 1955 for linear diffusion
problems by Peaceman and Rachford (Ref. 10) and by Douglas (Ref, 11). The method is
also applicable to elliptic and hyperbolic problems. A rigorous review of the method is
given by Douglas and Gunn (Ref. 12), and refinements of the method for the linear
diffusion equation have recently been published by Fairweather (Ref. 13). The method has

been widely used in the past decade for the solution of the diffusion equation.



A discussion of the method may be found in Richtmyer and Morton ( Ref. 1, p.
211). Briefly, the set of implicit finite difference equations is first replaced by a set implicit
in only one space direction, and explicit in the other directions. A first approximation to the
solution is obtained by the simple method applicable to one-dimensional implicit equations.
Then the next approximation is obtained by solving equations that are implicit in another
single space direction. After implicit equations are solved for each direction in which points
are coupled in the grid, no further iteration is necessary. An approximate solution to the
implicit finite difference equations has been found that is accurate to second order in the
time step. Since the finite difference equations themselves are generally accurate to only
second order in the time step, no better solution could be desired. The method is
unconditionally stable.

A closely related, and in some cases equivalent, method is the factional time step
method of Bagrinovskii and Godunov (Ref. 14) and other Soviet mathematicians. In this
method the multidimensional implicit problem is replaced by a succession of one-
dimensional implicit problems, each for a fraction of the complete time step.

The number of calculational operations required for the alternating direction or
fractional step methods for each zone does not increase as the total number of zones
increases. Therefore the calculational time in two space dimensions for one time step is
proportional to n2, the same as for an explicit method. A rough estimate is that the
calculational time for one time step in the alternating direction method is three times that for
an explicit method. The advantage is that there is no restriction on the size of the time step.

It is clear that the alternating direction or fractional step methods are by far the
fastest method of solution of implicit equations on a finely-divided grid. There is no loss in
accuracy. The additional programming logic required by the methods is straightforward and

not very complex.



SECTION III
SURVEY OF EXISTING METHODS FOR SLOW DEFORMATION

A. Finite Element Methods

Since 1956 numerical calculational methods have been developed in the engineering
profession under the name of "the finite element method". The development started
independently of the then existing discipline of numerical analysis in mathematics and of
the applications of the latter to continuum problems by finite difference equations. At the
present time the different names -- finite elements and finite differences -- denote more a
difference in the paths of development rather than a fundamental difference in the numerical
methods. Explicit finite element methods have been used for wave propagation problems in
recent years. The term "finite element method" was originally applied to solution of
problems in static equilibrium. The methods for the static implicit problems are reviewed in
the book by Zienkiewicz (Ref. 15). All the methods he discusses are for linear problems,
so that only elastic deformations can be treated. The equations are solved by matrix
inversion. In some cases inertial reaction of the material is added to the equations so that
dynamic problems can be treated. However, for the case of the implicit methods, as
described by Zienkiewicz, the equation must still be linear. More recently work has been
done on methods for non-linear problems (J. Isenberg, private communication, 1968).
Instead of using the same linear response matrix for each time step of the calculation, the
matrix is changes according to whether each element is elastic or plastic in each time step.
The solution is still accomplished by matrix inversion. Presumably it is quite costly to

obtain fine space resolution

B. Methods for Subsonic Fluid Flow
The goal of numerical weather prediction has stimulated much work on calculation
of slow fluid flow with small viscosity. Many articles on the subject have appeared in

recent issues of the Journal of Computational Physics, and they will not be reviewed here.



Considerations on the calculation of convection have been presented with some rigor and
generality by Aziz and Hellums (Ref. 16) and by Fromm (Ref. 17). Alternating direction
methods of solution have been used in some cases. It is sometimes assumed that the fluid is
incompressible, and often the equations are formulated in terms of vorticity, rather than
directly in terms of the velocity components. Many difficulties have been encountered,
probably due to the fact that at large Reynold's numbers the flow can be changed
significantly by very small viscous effects. Therefore the flow is sensitive to dissipation
inherent in the numerical approximation. One would not expect this difficulty to occur in
the calculation of slow flow of solids.

One particular line of development will be discussed more fully here. A method,
called by the acronym MAC for "marker and cell", has been published by Harlow and
Welch (Ref. 18) to calculate viscous incompressible flow of a fluid. The acceleration is
calculated from the pressure gradient and the viscous forces, but the pressure is determined
in such a way that the divergence of the velocity remains zero. The pressure obeys
Poisson's equation: the Laplacian of the pressure is equal to a function of the velocity field.
This is an implicit equation which is solved by relaxation. If only a few iterations are
performed for each time step, the long wavelength components of the error might remain
unrelaxed. However, an interesting feature of the calculational method is a corrective
procedure designed to prevent the error from accumulating (Ref. 19). Because of the
viscosity, the time step must satisfy a condition for diffusional stability, but the condition is
restrictive only for very low Reynold's numbers. For a problem in which a gravitational
field is used, the time step must also be less than the time for a particle to cross a zone after
falling freely across the entire grid.

A difficulty to be overcome in order to generalize this method is that a linear
viscosity is assumed, and the viscosity coefficient is intimately associated with the entire
system of finite difference equations. Therefore, a different approach, rather than a

straightforward generalization, would seem to be necessary to accommodate arbitrary
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constitutive relations. Also it is awkward to handle boundary conditions properly. In the
original formulation they could require the pressure to be zero at a free surface, but they
could not require the normal stress to be zero.

More recently, Harlow and Amsden (Ref. 20) have extended the MAC method by
removing the assumption of incompressibility. The extended method, called ICE for
"implicit compressible Eulerian”, achieves to a considerable degree the objectives discussed
in this proposal. The equations, as published, apply only to a Newtonian fluid. They state
that a generalization to plastic materials might be possible, but the possibility is not evident

to this author.
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SECTION IV
OTHER DESIRABLE FEATURES

A. Features Unrelated to Implicitness

In the Introduction the important advantages of implicit finite difference equations,
together with general constitutive relations were discussed. In this section other desirable
features of any new code development will be discussed. These features are not new, for
they have all been used in explicit calculational methods. In thé further development of
implicit methods proposed here we will attempt to include these features.

The first desirable feature is second order accuracy in both space and time. The
general purpose explicit codes have approximate second order accuracy. There is second
order accuracy in time only if the step time is constant. In the case of Lagrangian codes,
second order accuracy in space requires that neighboring zones have the same mass, and,
in some cases, that they be distorted in the same way. In an implicit method, variables need
not be advanced through time in a leapfrog manner, so that the accuracy of each time step
can be independent of the size of the previous time step. The accuracy in space will be
designed to be the same as in the general purpose explicit Lagrangian methods.

The second desirable feature is that the finite difference equations should conserve
mass, momentum, and energy precisely. The conservation of energy is not precise in some
of the explicit methods. The equations of motion and continuity, which may satisfy the
principles of conservation of momentum and mass, determine the kinetic energy density.
The internal energy density may be determined by a precise finite difference analogue of the
first law of thermodynamics. However, the sum of the kinetic and internal energies will
generally be constant only to second order in the zone size and time step. In an Eulerian
calculation there is the additional difficulty that diffusion of momentum will produce an

error in the kinetic energy of first order.
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The Lax-Wendroff method (Ref. 1, p. 300), applicable to both Eulerian and
Lagrangian grids, is accurate to second order and has precise conservation of mass,
momentum, and energy. The formal statement of the Lax-Wendroff equations has an
appealing symmetry. The conservation of energy is achieved by dealing with total energy
density directly. The kinetic energy density is subtracted to obtain the internal energy
density for use in the equation of state. Such a treatment of energy is necessary in any
Eulerian calculation or in rezoning.

In the case of a Lagrangian grid, Trulio has developed equations (Refs. 21, 22, and
23) in which there is a precise analogue of the first law of thermodynamics, and also
precise conservation of energy. To achieve this precise conservation, velocity must be
defined at the same point in time as volume and internal energy density. In order to have
explicit equations, however, it is necessary to extrapolate velocity a half step ahead in time.
It will be pointed out in the next section that Trulio's equations can be put in an implicit
form that requires no extrapolation of velocity. Both the first law and the conservation of
energy are still satisfied precisely. The implicit form of Trulio's equations is probably as
simple as any other set of finite difference equations, and will be used in this proposed
work.

In any finite difference calculation it is highly desirable to take advantage of any
symmetry in the problem in order to reduce the dimensionality of the grid and cut the
calculational time by a large factor. In the one- and two-dimensional programs it is assumed
that variables depend only on the co-ordinates in the grid and are independent of other
space co-ordinates. In most cases it is also assumed that displacement takes place only in
the directions in which the grid extends. The second assumption contributes little to coding
simplicity or calculational speed, and can easily be removed. Then, for instance, one can
calculate shear waves with a 1-D code, torsion with a 2-D axially symmetric code, and

horizontal fault displacement depending on depth and distance from the fault with a 2-D
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translationally invariant code. It is proposed that the one- and two-dimensional codes to be
developed allow three dimensional displacements.

Petschek and Hanson (Ref. 24) have pointed out a difficulty with quadrilateral
zones in 2-D elasto-plastic calculations. The general transformation in two dimensions that
maps a quadrilateral onto a rotated and distorted quadrilateral is specified by six parameters.
When the three strain components and the rotation angle are calculated from this general
transformation, they are found to vary inside the quadrilateral. If one used average uniform
values of strain and stress in each zone, then there are some modes of distortion of a
quadrilateral that are not resisted by changes of stress. Petschek and Hanson get around the
difficulty by dealing directly with displacements of grid points and forces on grid points.
Their method is applicable only in the elastic case.

A general solution to the difficulty is to use triangular zones. Trulio has shown
(Ref. 22, pp. 95-135) that the general transformation of a triangle is specified by a rotation
and by strain components that are uniform throughout the triangle. One can define strain
uniquely in each zone, and every mode of distortion is resisted by a change in stress. Since

stress is dealt with directly, plastic yielding can be handled in the calculation.

B. Incidental Advantages of Implicit Equations

There are certain advantages of implicit equations that may make them attractive
even for wave propagation problems. The first is the treatment of sliding interfaces. In
some explicit Lagrangian codes there is an elaborate procedure to allow portions of the grid
to slide relative to each other. The purpose is to avoid large zone distortion at the interface,
so that the time step will not be reduced by the distorted zones. It is difficult to satisfy the
conservation principles in the sliding procedure.

In an implicit method no special programming is required for sliding interfaces. A
row of zones may be distorted severely without affecting the stability limit on the time step,

and with conservation principles still valid. The error due to lack of relative motion of half
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zones at the interface is not as disturbing as the unpredictable error due to non-conservation
in the sliding procedure.

A second advantage is that dispersion may be avoided in elastic wave propagation.
It has been known since the time of Newton that there is dispersion in a one-dimensional
lattice of springs and mass points. At large wavelengths the phase velocity approaches that
of the continuum. At short wavelengths the finite differences in space become poorer
approximations to the continuum derivatives. For the case of discrete mass points separated
by the distance Ax, moving continuously in time, the dispersion is tabulated below. The

continuum sound speed is ¢().

M2Ax clcp
1 .637
2 901
3 954
4 975

When the variation in time is discretized, the dispersion relation changes, but dispersion
exists for all values of the time step except At=Ax/c(. In that case the finite difference errors
in space and time compensate each other. This value of the time step is at the limit of
stability. In most practical problems a distorted zone away from the wave front will limit
the time step to a smaller value than that appropriate at the wave front. If implicit equations

are used, then the time step may be chosen to eliminate dispersion at the wave front.
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SECTION V
PROPOSED PLAN OF DEVELOPMENT

The objective of the proposed work is to extend the range of applicability of the
general purpose explicit methods. We will explore the extension of the applicability that can
be achieved with implicit finite difference equations, without making any assumptions in
the basic physical equations. The basic equations for elasto-plasto-dynamic motion (which
have been written in various explicit difference forms by Wilkins, Trulio, Herrmann (Ref.
25) and others) will be written in an implicit finite difference form.

Trulio has published (Ref. 21) an implicit set of equations (but to the author's
knowledge has not coded them) for one-dimensional hydrodynamic flow in a Lagrangian
grid with arbitrary equation of state. The implicit equations have the same conservation
properties as his explicit equations, and actually were a step in the development of his
conservative explicit equations. The implicit equations may be superior because no forward
extrapolation of velocity is required. In the case of a linear equation of state, Trulio's
implicit equations reduce to the implicit acoustic equations that Richtmyer has shown to be
unconditionally stable (Ref. 1, p. 263).

The only difference between Trulio's implicit and explicit hydrodynamic equations
is in the points in time at which velocity is defined. In the implicit set velocity is defined at
the same time within each time step as volume, pressure, and internal energy. Therefore it
is a straightforward and obvious generalization to change his elasto-plastic equations in
both one and two space dimensions to implicit equations with the same conservation
properties.

Of course it is necessary to develop an efficient practical method to solve non-linear
implicit equations. In each time step the non-linear set of equations will be approximated by
a linear set of equat_ions appropriate for calculating small changes in the variables. The
alternating direction method will be used to solve the linear equations. The solution of the

linear set will differ from the true solution by an error of first order in the time step. This
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first approximation to the solution may be used to improve the values of the coefficients
used in the linear equations. One iteration should give a solution accurate to second order in
the time step, except possibly in zones that change from elastic to plastic behavior. For time
steps small enough that the variables do not change much in one step, the number of linear
iterations needed to achieve an accurate solution will certainly be a small number.

In order to accommodate general material properties in the linear incremental
equations, the constitutive relations should be specified in differential form, rather than as
explicit functions. For instance, instead of specifying pressure as a function of volume and
specific internal energy, one should specify the bulk modulus and the Gruneisen parameter
as functions of volume and specific internal energy. The procedure of adjusting stress
components to satisfy a yield condition should be replaced by a differential plastic flow
rule. Such a differential specification of material properties will present no problems. Such
a specification has been used by Baron and by Trulio in explicit calculations.

The method proposed here will be implemented first in a one-dimensional computer
program. The displacement and all other variables will number vary in only one space
dimension, but displacements with components in all three dimensions will be allowed. In
that way shear processes can be handled, and one can consider problems such as the one
considered by Griggs. If one does not allow shearing displacements, then the only
interesting problems in one dimension are those involving wave propagation.

After experience has been gained coding non-linear implicit equations in one
dimension, and after the extended capability of the implicit equations has been explored,
equations for the two-dimensional case will be developed and programmed. Lagrangian
zones, which move with the material, will be used in both the one- and two-dimensional
cases. The method of solution in two space dimensions is, of course, more complicated, so
the proposed method in that case will be sketched in a little more detail here.

Triangular zones will be used in the two dimensional case. A portion of a 2-D grid

is shown in Figure 1. Since the equations are Lagrangian, the zones may be distorted in
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any way. Velocity components defined at the circled grid point in the center of the figure
are directly coupled by the basic equations to the stress components in the six neighboring
zones, shaded in the figure. These stress components are, in turn, coupled to the velocity
components at the six neighboring grid points, circled in the figure. The first step in the
solution is to eliminate stress from the equations. The procedure used in this step must be
designed to accommodate arbitrary differential constitutive relations. The resulting
equations, relating increments in the velocity components at the center point to increments
in the velocity components at neighboring points, are the implicit equations to be solved.
Velocity, rather than stress, is dealt with in the implicit equations, since the velocity vector
has fewer components than the stress tensor.

The linearized implicit equations will be solved by the alternating direction method.
In the past (to the author's knowledge) the alternating direction method has only been used
for a scalar function, not a vector. The only basic mathematical innovation to be attempted
in the proposed work is to apply the alternating direction method to a vector function. In
this case the different vector components can not be decoupled so as to form separate scalar
problems.

In the case of triangular zones in two dimensions the alternating direction method
consists of three steps. In the first step an approximate solution is found for the entire grid,
using equations that are implicit between points coupled in the direction of the heavy arrow
in Figure 2(a), and are explicit in the other directions. In the succeeding steps equations are
used that are implicit in each of the single directions indicated in Figures 2(b) and 2(c). To
avoid complexity in the programming during the development work, all storage arrays will
be completely contained in the fast memory.

The logic of the implicit method would be unnecessarily complicated if the grid had
arbitrary steps at its boundary. Therefore, it will be assumed that the grid is a quadrilateral
in index space as shown in Figure 3. Of course, in physical space the grid may be distorted

in any way.
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The programming logic required for an implicit calculation is, of course, more
lengthy and complex than the logic required for an explicit calculation. An objective of the
proposed work is that the logic be programmed as systematically and as clearly as possible,
in order that the coding be useful as a general purpose tool. It is the author's opinion that
the extra programming required may not be as complex as the programming used for

sliding interfaces in some explicit codes.
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Figure 1. A triangular grid in two dimensions. The velocity at the center circled point

is directly coupled to stress components in the shaded zones. The stress components are

coupled to velocity components at the neighboring circled points.
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Figure 2. The heavy arrows indicate the directions in which the velocity components
are implicitly coupled in the finite difference equations. In the alternating direction method

successive equations are used that are implicit in each single direction in turn.
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Figure 3. The two-dimensional grid of triangular zones is indexed by the three
integers I, J, and K. Only two indices are independent, since the relation K=J-I must hold.
It will be assumed that the boundaries of the grid are lines at constant I or constant J. The

grid may be deformed in any way in physical space.
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