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VI. EXAMPLE: COMPRESSIONAL WAVES TRAVELLING IN A <111> DIRECTION THROUGH LiF.

6.1 Determination of a%j.
The X' coordinates are chosen with the X'] axis parallel to a <111> direction
and the Xé and Xé axes symmetrically disposed with respect to the X3 axis. The

former condition gives for the unit vector in the +Xi direction:

e 1,~> > = R i1
AONT 00 S SN TS (6.1)
A

With the Xé and X, axes as shown in the figure, the following relations exist

3
among the aij: ‘X3
+lo+ - 1 - +'+ - |
n] n2 az] (BRI a32 >0 "
I S, 1 S ez 1 <0 tel
Hgtllpg = Bay = Mgy = Ggq L X,
bral o, SR 1 _”>|.+ = | <0 ‘Xl
Np*llg = 89g = Rgohig = Agg ! 3
\“ Xé
The transformation matrix is X
1
1//3 1//3  1/V/3
(6.2)

. 91 By Ap
890 8y A3
Since ﬁé-ﬁi = ﬁ'-ﬁé = 0, ﬁé-ﬁé =1, the following equations hold and can be solved

3
for aé], aéz, aé3:

a1 +agy tagy =0
2ajqah, + 830 = 0
21822 + 823
- L i b
ay1  *ayy tagy =1
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With the condition aé] > 0, these give

0 Ll 1 e EPA 1 T |
ay = 30 +/§) s A5, = -5l '/§) e g
T 1 pl 1 o =
ay, = - 3{1 -/g) v (1 +/§) -2l e (6.3)

6.2 Secondary Slip Systems.

The primary slip systems in LiF are [110]<110> (see Internal Report 75-01) and
it has been shown by others that when propagation is in a <111> direction the
stresses on these slip systems vanish. Except for the possibility of slip by
heterogeneous stresses, one then expects secondary slip to occur. Secondary slip
systems have been identified as [100]<110>; they can be enumerated as follows with
the help of the figures on the right: X]

Table 6.1 =9

o Secondary Slip System

1 [010]<101>
[010]<101>
[100]<011>
[100]<Oi1>
[001]<110>

oo o1 B W N

[001]<170>

This set is not unique. There are six equivalent systems obtained by reversing
directions. The choice of sign will influence the sign of the calculated resolved
shear stress, otherwise it will have no effect on the results.

When strain is uniaxial in the <111> direction, stresses in the X' coordinates are

e o ]

11591 = 01Ty
Cl
I = el =pl i ]2.|
Spp = 533 = Uo1Tyy Eh N
or

> > > > EUY
] = ] ] ] i T | 11
$ Sl + Spp(1515 +1313) (6.4)
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Calculate the stress on the [100]<011> slip system. Slip occurs along the line

<>
0Q in the figure. Stress at 0 is S' given by Eq. (6.4). The force per unit area

acting on the X2,X3 plane is x3
- > <>
f = l]'S' (6.5)
2 Q
and the component of this force acting in +.,/4;?
¢ 2 : Oé{lfﬂ_ml__x
the direction 0Q is 9
- -
% BOef = LT+ 1.4 : : :
T = 0Qf /5112 # o vF OP is unit vector, 1, along
n P X] Xi axis. 0Q is its projection
=L a8t 185
/5(12 ]3) 1 (6.6) on the X2,X3 plane.
Define ]j']k = ajk‘ Then ]j = ajk1k
S' = Spiapdislity * Saalagany + agagy)lyl;
v o= (1, 4 1) (0, 5') - [S}123383 575 * Spalagagy + agpaggdiy1-iy + 1) (6.7)
2 d g

= - ] ] 1 ] ] ] ] 1 1 ] ] 1 ] 1 ]
v o= ASqaqy(aqy +agg) * Spp(agian, +agjagy) + Spy(agjags + agjags)]

Using the transformation matrix as given by Egs. (6.2) and (6.3), Eq. (6.8) becomes

] ] 1 ] 1 ] ] ] ] 1 1
K, 7 [511 11375 * 333) *+ S55(a51355 + ap185, + ap1855 + a55355)]

T = ) L )2 + Sias(2aialde + {Bhey * @ln)alta]]
5 11 11 e v 21 2223

Numerical values are ai] = 1/¥3, aéS = =1/¥3

1 1 1
as, = 5(1 +1/V3), ahy = -3+ —
2y @ 22 2 0/3

1]

—_

TS . |
Then agia5, = - g ay +ay P
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o)
SI
2 22
T = — SNl - &) (6.10)
VAL
: 1 | - 1 1
or, since 522/511 = C12/C11 >
e e
ST vz Oy
(6.11)
1
- £ 3/(0” R e L R
32 " Ve 420, + 4C e
G PR :
g |
The second slip system on the [100] plane is shown in the figure.
The direction of slip is 0Q', parallel to "
g i = - X,
n = "12 s ]3 //
5 . - . X
If 1, in Eq. (6.7) is replaced by -1,, Eq. (6.8) is replaced by 1
{ R _1_ ] 1 2 ) I | ] I I 1 ] 1 ] ]
¥ "@[Sllan( ayp *agg) + Spl-ap1a5, - agjagy + a3ja53 + a3qazs)]
e ] | ] [} 1 ] ] ] [}
* Fipilpyany < Sophjy ¥ Bjyhog ¥ dgphsg)
= 0
This result is in accord with the fact that 0Q' Ties in the [111] plane, ie
normal to the Xi axis.

Similarly, of the other two slip planes [010] and [001], each contains one slip

direction

which Ties parallel to the projection of the <111> vector and a second

which is perpendicular. Because of the symmetry the resolved shear stress on each

of the former systems is given by Eq. (6.10). That in the normal system is zero.

So there are three active slip systems

[100]<011>
[010]<101>
[001]<110>
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And on each of these the ratio of resolved shear stress to Si] is

C]] + 2C]2 + 4C44

T/S]] = = .38781

A tabulation of the transformation coefficients “a%j is required for computation.

These are given in Table 6.2 where 0.707107 is a decimal approximation to 1/v2.
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Table 6.2

Coordinates and Transformation Matrices for Secondary STip Systems in LiF
[70m07 o .70707 \

707107 0 -.707107 |

[o10]<101%, . & = 1. ajy =
0 1 0 /
707107 0 -.707107
[010]<101>, g g, za%j = _.707107 0 -.707107
0 1 0 /
0 .707107 .707107
[100]<011>, e 3a%3 . 0 -.707107  .707107
1 0 0
/() ~.707107  .707107
[100]<011>, o = 4, 4a;3 = i 0 -.707107 -.707107
|1 0 0
.707107  .707107 0
[001]1<110>, i et 1 Sa%j . 707107 .707107 0O
0 0 1
[.707107 -.707107 O
[001]<170>, o 6, 6a%3 ” 707107 .707107 0

)

\~ e

0 0

Xi' = slip direction
Xé' = normal to slip plane
fo B ALK,

Z2 15
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6.3 Computation of the Matrices ua%j.
; Gyror = Gqnn
Since Xi ]JXJ
Xk = ainj 5
it follows that
- ([
XJ XkakJ
Oy - OL||| 1~ O iy
X APk T A4k
“a%L' = “a;jakJ (6.12)

Straightforward application of this rule to the matrices given by Egs. (6.2) and (6.3)

and by the first entry in Table 6.2 yields for o =1,

X
Fig . U 4 e 5 T )
[ v W 3 22 " 3\
Tart = | o L e ) A |
I 2/2 2/2 |
1 P Tor ool
L un. g e h
/3 U+ S
= /.81650  .14943  -.56768 \
0 .96593 .25882 |
f
55735 -.21132 78868

6.4 Transformation of Elastic Constants to <111> Coordinates.

The elastic constants transform as a fourth order tensor. Since X' = a1JXJ, then

C1Jk1 ) aimajnakpalq Cmnpq (6.13)
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For the cubic system the matrix array of elastic constants is

A Gy R ¢ . Sl SR
C]2 CH 012 0 0 0
C]2 C]2 C]] 0 0 0
0 0 0 C44 0 0
0 0 0 0 C44 0
0 0 0 0 0 C44
This implies that many of the tensor components, Cmnpq’ vanish. With the symmetry
conditions C1Jk1 = Cjik] = Cij]k = Ck]ij and with the convention that tensor sub-

scripts 11 go to matrix subscripts 1, 22 ~ 2, 33 -3, 23 -4, 13 - 5, 12 -~ 6, we have

the following set of non-vanishing tensor components:

c C = C

Ci111 = G171 » Cozo2 * G70  C3333 = Oy

S22 ™ F11as = %2233 = “2om = Pzam ™ ez ™ e (6.14)
C1212 = G221 ® Ga1s ® G331 = Comiz * Caim < Cmp

Ca323 = Co332 ™ C3113 © C3181 = 3223 = Cazaz = my

Calculation of the C: consists of successive application of Eq. (6.13), using the

ijkl
values given in Eq. (6.14). For example

Caor = Cryfagy sy + ag aly + aggaty) + Cypag "l g0, + a3y “ad a5
+ ag lalsaby + ap,latian, + aplatiat, + agfaiag,) ¢ Chlagaliag,’
+ agPagoty + aglagial + agagnats + agfapat + ayagal,
v aglabaat, + agy agaaly + aglagiat, +ay fagiary + anfasal,
+ ay,7assal.) (6.15)
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Since aé] = a5 = Ay aé] = aéz, aéz = aé], aé3 = aé3 = —ai1, Eq. (6.15) can be
reduced to simpler form:

i ¢ 3 g3 | 3 [

Ciplagy™ +agy™ +ags") - ayy
. b8 o8

- 2a'y1Cyq(an" + agy” +a557)

3 3 3
)

¢ tagy” * g,

o212 = A 12(a5

where the condition ajy + as, + asg = 0 has been used. This can be further simplified

to yield

] |3 |3 |3
¢ 17 = Cro - 2Cge) (g™ + 23" + aps”)

2012 = a39(C (6.16)

From Eq. (6.3) it is evident that
by = eV =aba) s ahe = v (1 #7aks) (6.17)
21 2 237 2 22 2 23 )

Substitution of (6.17) into (6.16) yields

! = aly(Cqyq = Cypy - 2C )~§Eé§-(a' 2. (6.18)
2212 1841 = e ag) 7 (353 '
With ai] = 1/V3, aé3 = =] /¢R, C]] =1.14, C12 = 477, C44 = ,636, this becomes
| % T el s
Coo12 = Co6 = 5 (Cq7 = Cqp - 2C4y)

-.1015

With this procedure, the following array is calculated

G Bl G 0 B
Cog Cag 0 Gyp ~Cyg
62 o %5 L2
Cas  Co5  Cos

Gl . 18

ot

55
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where Cly = 3{Cqq + 20q, + 4C,)
Clp = 3(Cqq + 20, - 204y)
Cyy = 3{Cyp + Cp + 204y)
Chg = (11 - Cip - 2gy)

Transformation formulae for the remaining three coefficients haven't been calculated.
Numerical values for all, with C]] =1.14, C]2 = 477, C44 = .636 megabar, are given
in Table 6.3.

Table 6.3
Transformed Elastic Constants for LiF, megabar.

C]] = 1.5460 Ciz = .2740
Cop = 1.4445 Crg = .3755 Cé5 & L1015
CA4 = ,5345 Cgp = 4330

6.5 Data for the Computer Program
(i) Tabulate the Cij in crystal coordinates: six rows with FORMAT (6F8.5) for

each row:

G117 Y2 G G4 S5 G

C C C

21 Loz Coz Cop Cop Cog
etc.

(ii) Tabulate a%j = AP(I,Jd) in three rows with FORMAT (3F15.7):

n 2 A3
etc.

(ii1) NS = No. of active slip systems (6) and NE = 1 or 2.
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(iv) Tabulate the a.! for a =1, NS with FORMAT (3F15.7):

1J

B T ey

o Ty ey

i Ty Tay

a0 ey ey
etc.

(v) If plastic strains are allowed, tabulate the total strains, T%j, in a 3x3 matrix

with FORMAT (3F15.7)

T!

T T 13

12
91 T22 T23

(vi) If plastic strains are allowed, tabulate the plastic strains ®y. FORMAT (3F15.7).

1 2 3

Y Y Y

4 5 6

Y Y Y
etc

A Tisting of data for the sample problem is given in Table 6.4. Numerical

output is given in Table 6.5.
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Table 6.4

Input for Sample Problem
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Table 6.5

Qutput for Sample Problem
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Table 6.5 contd.
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Sg] is stress on the slip system a
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