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In the general case where forward and backward facing waves interact in a 

region, without formation of shocks, the preferred analytic procedure is to adopt 

two of the hodograph variables as independent and calculate position, x, and time, 

t, in terms of the hodograph variables. In one class of problems, the region of 

interaction is bounded by characteristic curves, as shown in Fig. 1. 

Figure 1. 

Region of interaction Q, bounded by four characteristic curves. 

Here rands are the Riemann variables 

1 s = - -(u - £) 2 . (l) 

Since s varies along C+ characteristics and r varies along C characteristics, 

the transformed flow equations can be written 

xs = (u + c)ts 

xr = (u - c)tr 

(2) 

(3) 

where xr = ax/ar, xs = ax/as, etc. Eqs. (2) and (3) are equivalent to the original 

equations for isentropic flow, but now x-and t appear as dependent variables. The 
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problem of calculating the flow in region Q of Fig . 1 has now been reduced to the 

determination of x and t. Either x or t may be eliminated from Eqs. (2) and (3) 

to yield a second order linear equation for the remaining variable . For example, 

eliminate x by differentiation of Eq. (2) with respect tor and Eq. (3) with 

respect to s, then subtracting one from the other: 

xrs = (ur + cr)ts + (u + c)tsr 

xrs = (us cs)tr + (u ~ c)trs 

(4) 

(5) 

Before proceeding, note that c is a function of 1 alone, with derivative c' = dc/d1. 

Then cs= c'1s and cr = c'1r .. Eqs. (1) can be combined to yield expressions for 

u and 1 in terms of rands: 

u = r - s 

1 = r + s 

Then us = -1 , ur = 1 , 1r = 1s = l , and Eqs. ( 4) and ( 5) bec·ome 

xrs = (l + c')ts + (u+c)tsr 

xrs = - (1 + c')tr + (u - c)tsr 

Subtracting one from the other gives 

2ctsr + (1 + c 1 )(ts + tr) = 0 

or 
t + 1 +C I ( t + t ) : 0 
sr 2c s r 

where c and c 1 are known functions of rands 

(6a) 

(6b) 

(7a) 

(7b) 

(8) 

Since region Q of Fig. 1 is bounded by four characteristics, it transforms to a 
' ' rectangle in the hodograp~ plane, Fig. 2. The assumption that the boundaries of 
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Figure 2. 
Transformation of Fig. l into the hodograph (r,s) plane. The 
region Q of Fig. l maps into Q'; the boundary ABCD maps into 
A1 8 1 C1 D1

, • . 

Qare characteristics is equivalent to assuming that the regions bounding Qare 

simple wave regions. 

Flow in the region Q is now represented by the solution of Eq. (8) in region 

Q', subject to boundary condi.tions on two adjacent sides of the rectangle A1 B1 C1 D1
• 

Equation (8) is hyperbolic and specification oft on two adjacent sides defines 

the entire rectangle as the region of influence of the boundary. 

In order to proceed further, a specific problem must be considered. To that 

purpose we consider a slab which has been compressed by pressure p1 acting on 

each face for a very long time, so that all transients have damped out, and density 

and temperature equilibrium exists throughout. Then at some instant, t = 0, let the 

pre.s:sure on both faces be simultaneously and instantaneously released to zero. 

\ghat i.s the subsequent motion of the slab? 

Re.lease of pressure at the surface generates rarefactions which travel towards 

ta.e center while accelerating each face of the slab outward. The rarefactions pass 

through one another in the middle of the slab and reflect as compression waves at the 
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Rarefactions produced on release of pressure from the face of a slab. 

r = r 
1 

G -

B 
I 

d/2 

I 

X + 



t 
s 

, II I I 

u = a 
(taxis) 

----''tt-------+---=-J, __ -----.l':,__ ___ s = sl = ,Q,l / 2 

VII•~ ~rr· 

r -+ 

r = -t /2 2 1 . 

Figure 4 

Hodograph plane for the problem of Fig. 3 
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opposite (now moving) free surface. These compression waves in turn interact in 

the middle and are in turn . reflected, and so on . If there is no dissipative 

mechanism this process continues indefinitely; but we shall study only the 

first phase where the rarefactions have not yet been reflected . The region of 

interest in the (x,t) plane is shown in Fig. 3. 

It is good strategy in approaching this type of problem to draw both the x-t 

plane and the bodograph r-s plane and identify areas and points of known properties, 

and establish boundaries around regions where the flow variables are unknown. The 

bodograph plane is shown in Fig. 4. We have taken the origin in the x-t plane 

at the center of the slab, and the two faces originally at positions ti and -ti· 
Region I is a uniform initial state at pressure p1, zero particle yelocity u = u1 = O; 

the Ri.eman functi.on L = L1, can be found from p1 and the equation of state of 

the material. On releasing the pressure, \-.Je know that the initial rarefaction 

propagates into the undisturbed material with the sound speed c1 corresponding to 

the pressure p1 in the material. The lines AC and BC in Fig .. -3 represent these 

events, and form the boundaries of Region I; their equations in the x-t plane are 

X = ] 
c1 t - - d 2· and 

All the C+ characteristics in Region I are parallel to the first line, and all the 

C_ characteristics are parallel to the other. The Riemann invariants carried by 

these characteristics are the values of u +Landu - Lin the region, and since we 

have seen u = 0, L = L1, we have 2r1 = L1 and -2s1 = -L1. Then Region I is 

represented in the r-s plane by the single point C'(r1,s1) = (½t-1, ¥-1), Fig. 4. 

Region II, being adjacent to the uniform state I, is a simple wave region -

a backward facing centered simple wave . All the C+· characteristics entering this 
l region from Region I carry the same Riemann invariant , namely r1 = t-1, so the 
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map of this region in the hodograph plane is the vertical line II' through the 

point C1 at (¥-1, ½t1) ~- To find the boundary BO between II and IV we note that 

Region IV is a uniform state at zero pressure, and BO is the path of a rarefaction 

propagating at speed u
0

- c
0 

in this material, since , the face is moving outwards 

with the particle velocity u
0 

the slope of BO must be u
0

- c
0

• Here the subscript 

11 0 11 refers to the zero pressure state. We find u
0 

by noting that again the C+ 

characteristics still carry the same Riemann invariant from I through II into 

Region IV, namely r1 = ~ 1, whereas in Region IV its value is- (u
0
+ L

0
)/2 and L

0
, 

the Riemann function at p = 0, is itself zero. Thus we have u
0 

= L1 and the line 

BO has the equation x = (L1- c
0

)t + tJ, while the line BB' representing the free 

surface is x = L1t + tJ· The other Riemann invariant . for Region IV is given by 

s = - }(u - Ly = - t,1. The point in the hodograph plane representing Region IV 

is thus 01 (½t1, - _½t1) in Fig. 4, and the line representing Region II joins the 

points C' and 0 1 

The characteristics in Region III are the mirror image of those in Region II in 

the t-axis, while those in Region V can similarly be found from those in region IV. 

The C_ characteristics carry their uniform Riemann invariant from Region I into 

Region III and Region ·v, and these regions are mapped in the hodograph as mirror 

images in the t-axis, which is a line passing through C' and the origin in the 

hodograph plane. This follows from the condition that u = r - s = 0 at x = 0, since 

the slab is not allowed to fracture under tension. 

Regions VII and VIII are adjacent respectively to the uniform states V and 

IV; therefore they are simple wave regions. The C. characteristics from IV carry 

their uniform Riemann invariant value into Region VIII, which is thus mapped into 

the straight 1-ine 01 e at s = - }L1 in the hodograph. Similarly Region VII maps 
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into the straight line F1 E1 at r = - ~ 1. Region IX can be investigated by 

looking at the C+ characteristics that originate in Region V - a uniform state -

and carry their uniform Riemann invariant, - ~l' through Region VII into IX; 

also the C_ characteristic originating in Region IV carry their uniform Riemann 

invariant, - ¥-i through Region VIII into IX. The values of u and Lin Region IX 

are therefore to be determined by 

which solve to give u = 0, L = - L1• independent of the location within the region, 

which therefore turns out to be a uniform state. Since the Riemann function Lis 

negative, the pressure in this region is negative, and if its magnitude is 

calculated to exceed the tensile strength of the material, fracture will have 

occurred at a time earlier than that corresponding to the point E in the x-t plane. 

If this is allowed to happen, the problem must be redefined to include the new 

free surface at x = u. 

Before proceeding to examine Region Q, let us summarize the information 

so far collected about the flow variables in the other regions. 

Regton I: Uniform state, p1, u1 = O; L1, c1 all known; r1 = t 1/2, 

s1 = t 1/2. Boundaries AC and BC known: 

AC 

BC 

X = 

(9) 



Region II: 

Region II I: 

Region IV: 

Region V: 

Region VII: 

7 

Simple wave, u2 + L2 = Ll 

Boundaries BC and BO known: 

BO X = (L1 - c
0
)t + 1t 2 

Boundary CD is unknown . 

Simple wave, U3 - L3 = -Ll 

Boundaries AC and AF known: 

AF X = (c
0 

- L1)t l -f 

Boundary CF is unknown. 

Uniform state, p4 = 0, L4 = 0, u4 = L1, c = c
0 

all known. 

Boundaries BO and BG known: 

BG X = 

Boundary DG is unknown. 

Uniform state, p5 = 0, L5 = 0, u5 = -L1, c = c
0 

all known. 

Boundaries AF and AH known: 

AH X = 

Boundary FH is unknown. 

Simple wave, u7 + L7 = u5 + L5 = -L1 
Boundaries FH and EJ are unknown. 

Region VIII: Simple wave, u8 - L8 = u4 - L4 = L1 
Boundaries DG and EK are unknown. 

Region IX: Uniform state, u9 = O, _L9 = -L1_ 

Boundaries EJ and EK are unknown. 

( l O) 

( 11 ) 

( 12) 

(13) 

( 14) 

( 15) 

( 16) 

(17) 

( 18) 
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Since flow in regions II and III is completely known, trajectories CF and CD 

can be determined. This information will provide boundary conditions for solution 

of Eq. (8) in region Q1 of Fig. 4 and will also enable us to determine boundaries 

DG and FH in Fig. 3. We proceed as follows. 

Determination of CD. 

CD is a C+ characteristic on which r = r1 and 

{ 19) 

In the entire region II, and in particular on CD, 

x = (d/2) + (u-c)t (20) 

Since both Eqs. (19) and {20) apply along CD, xs can be eliminated between them. 

To do this, differentiate Eq . (20) with respect to sand recall that us - cs = 

- (.1 + c ' ) . Then 

x = (u + c)t s s 

x = -(l + c')t + (u - c)t s s 

Subtracting the second from the first gives 

t + 1 +c 
I 

t = 0 • r = r = i / 2 
s 2c ' 1 1 

This can be integrated by quadrature: 

s 

l n ( t/t1 ) . = - J 1;~ 
1 

ds 

s, 

{ 21 ) 

(22) 

where t 1 and s1 are coordinates of point C in Fig. 3. Since c = c(i) = c(r1+s), 

the variable of integration in Eq. (22) can be replaced by c: 

de :: c'ds 
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C 

I l+c' 
2cc' de 

cl 

(23) 

When c(t) is specified, the integral in Eq. (22) or (23) can be evaluated to 

yield t(r1,s), which is the boundary value on C'D 1
• in Fig. 4. This value oft 

can be substituted into Eq. (20) to obtain x(r1,s). The curve CD is calculated 

as the intersection between the C_ characteristics passing through x = d/2 and the 

parallel lines t(r1,s). For example, choose a particular C_ characteristic 

with _slope m; then 

X - (d/2) _ 
t m = u-c = r 1-s-c(s) 

This equation can be solved for s, the resulting value substituted into t(r1 ,s) 

to obtain t, this value oft substituted intg ~Eq. (20) to obtain x. In other 

words, the curve CD is the curve x(t) obtained by eliminating s between Eq(20) 

and the boundary equation t = t(r1,s). 

Determination of CF . 

The procedure to be followed is the same as for finding CD, except that the 

roles of C+ and C_ characteristics are interchanged. On CD: 

x + (d/2) 
t = u+c 

= (1 + c')t + (u + c)tr 

2ct + (1 + c')t = 0 r 

(24) 

(25) 
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Eq. (25) is identical to (21), so Eqs. (22) and (23) represent the required 

solutions, withs replaced by r; i.e . , 
r 

ln[t(r,s1);t1] = - f 1;~• dr (26) 

rl 

The curve x(t) for CF is obtained by eliminating r between Eqs. (24) and (26). 

Determination of DG. 

This is a straight ·line with slope u4+c4 = u
0
+c

0 
= L1+c

0
. It passes through 

the point D with coordinates 

(27) 

(28) 

Determination of FH. 

This is a straight line with slope u5 - c
5 

= -(u
0
+c

0
) = - (L

1
+c

0
). It 

passes through the point with coordinates 

and 

r2 

tF = tl expI- f 1 ;~' dr J. 
rl 

X = F 

Determination of the Flow in Region Q. 

(29) 

(30) 

This is obtained by solving Eq . (8) with boundary condit.ions given by Eqs. 
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{22) and (26). In order to proceed further, a relation between c and i must be 

given . For an arbitarary relation between c and i, recourse must be made to _a 

numerical solution. For the case 

with>.= constanti 

l + c' 
2c = A 

r+s 

the - solution was obtained by Riemann: 

t(r,s) 
I ( r 1 +s 1 ) 2 l A - [ 

= t, L(r1+s)(r+s, )j • F >., >., 1, 

( 31 ) 

(32) 

This case follows from the assumption that p = apY, where a and y are arbitrary 

constants. Then 

>. = ~ (33) 

On C+ characteristics -xs = (u+c)ts . ts can be calculated from Eq. {32); 

then 
s 

x - ~(r) = J (u+c)ts ds 

sl 

(34) 

where ~(r) is the x-coordinate on CF corresponding to the particular value of 

r which identifies the C+ characteristic being considered. For C characteristics 

a similar procedure gives 

C : 

Spec i a 1 Cases,. 

r 

x - n(s) = J (u-c )tr dr 
r, 

I. Murnaghan Relation . 

Assume 

Then 2 2 y-1 c = dp/dp = c (p/p) 
0 0 

(35) 

(36) 

(37) 



Then Eq. (23} gives 
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2 dc/c = (y-1) dp/p 

. . j) 

L = f. dp/pc = J cdp/p 
0 

C = C 
0 

c' = dc/dl = (y-1)/2 

C 

= _ J ir±ll_ de = 
~c 

c, 

Since L = r+s, c = c
0 

+ Y21(r+s) by Eq . (39). Then 

[ 

r:.l( 
-(y+l)/2(y-l) 

t(r1,s) = t co+ 2 r,+s) 
1 r:.l co+ 2 (r,+sl) 

l ]-( y+ l ) / 2 ( y-1 ) 

t(r;s1) = . t [co + y( r+s l ) • 
1 c + ~l r +s ) o l l 

(38) 

(39) 

(40) 

(41) 

(42) 
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Eqs . (41) and (42) provide the boundary conditions in this case. The differential 

equation, Eq. (8), becomes 

+ y+ l ( t + t ) = 0 
4[co + y2l (r+s)] s r 

(43) 

If c0 = 0 in Eq~ {39), Eq. (43) reduces to the Riemann case, Eq. (31) . 

II. y =3. 

A particular simplification occurs for the case y =3 in Eq. (36) . Then A= l 

in Eqs. (32) and (33) and the hypergeometric function reduces to 

[ 
(r1-r)(s1-s)] _ . l _ (r1+s)(r+s1) 

F l,l,l (r
1
+s){r+s

1
) - 1-x - (r

1
+s

1
)(r+s) 

where x = (r1-r)(s1-s)/(r1+s)(r+s). Then Eq. (32) becomes 

Eqs. (41) and (42) become (with c
0 

= O) 

t(r1,s) = t 1(r1+s1)/(r1+s) 

t(r,s1) = t 1(r1+s1)/(r+s1) 

(44) 

(45) 

(46) 

Elimination of s between Eqs. (45) and (20) gives the equation of the boundary CD 

in Fig. 3: 

(47) 

Since r1 = s1 = i,;2 = c1/4, t 1 = d/2c1 ,· Eq (47) reduces to 

(48) 

that is, CD is the straight line continuation of AC . 
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This result that characteristics are straight, even in regions of non-uniform 

flow, for y = 3, simplifies the flow problem dramatically. It is also true for 

c
0 

F 0. Eq. (39) shows that for y = 3 

Eq. (2) then becomes 

and since u + L =constant= 2r , the C+ characteristics are straight. The same 

is true for the C characteristics. 

We may now continue the solution of the problem of Fig. 3 under the simplifying 

condition that y = 3. 

Region II . 

Boundary CD is the straight line continuation of AC. The C characteristics 

have the equation 

(49) 

Since u +Lis constant on C+ characteristics in a backward facing simple wave, 

u + c is also constant, so 

Eqs . (49) and (50) can be solved for u2 and c1 in terms of x and t: 

u2 = c1/2 + (x d/2)/2t 

c2 = c1/2 - (x d/2)/2t 

(50) 

(51a) 

{Slb) 
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L2, p2 and p2 can be calculated from Eqs. (36) - (39): 

It is even simpler to evaluate the flow variables in the interaction region 

VI. Here all the characteristics radiate directly from either the point A or 

the point B. At an arbitrary point x,t in Region VI the C_ characteristic equation is 

(52) 

and that of the C+ characteristic is 

(53) 

Solving these yields 

(54) 

From Eq. ( 27) we then have 

(55) 

Thus the density and pressure turn out to be functions only of time in Region VI. 

In particular we may look at the pressure at the point E. Here r = r2 = -L1/2 = 

s2 and L =Lg= -L1. Then c(E) = c
0 

- L1 = c
0
-c1+c

0 
and 

p(E) 
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Since c1 > c
0

, p < 0. If -p(E) exceeds the tensile strength of the slab material, 

fracture will occur on the central line at time <t(E). Such a fracture initiates 

new waves which must be accounted for at times later than the fracture time. 


