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Given a set of data {y.,x.), i = 1 ,n which represent some physical relation 
1 1 

y = f {x). The x. are assumed to be true values and they. are assumed to be 
1 V,' 

1 
-

approx imations to true values y and normally distributed around it. That is, if 

y = f{x) were known, it would be found that the fraction of values {yi-y) which lie 

between u and u+du is given by 

2 2 
~{u)du = l -{u-µ) /20 d 
'I' o72'rr e • u 

whereµ, the true mean value of y-yi is zero and 0 is the standard deviation of 

y-y.; i.e., 95% of the values of y-y. lie in the interval (-20,20) 
l l 

If it is suspected that the dependence of yon xis accurately described by 

a particular function f(x;a,b,c, ... ), where a,b,c, ... are adjustable parameters, 

it is possible to estimate the true values of the parameters by the method of least 

squares. The procedure is to form the sum 

s 
Jl., 2 

- ~ [y . - f ( X . ; a , b , C , . . . ) ] 
· l l l 1= 

and different i ate it successively with respect to a , b,c, ... These derivatives 

are all set equal to zero, and there results a set of simultaneous algebraic equati ons 

which can, in principle, be solved for a,b,c, . .. : 

n af(x7 ; ... ) n af(x.; ... ) 

.I: f(xi ;a,b,c, ... ) = I: 1 

aa 
y. aa 

,=1 i=l l 

n af(x . ; .. . ) n af(x.; ... ) 
L f(x

7 
;a,b,c, ... ) l = I: y. l 

i =l ab i = 1 1 ab 

n af(x.; ... ) n af(x 7; ... ) 

.I: f(x 7;a,b,c , ... ) l = I: 
1 = 1 ac i = l 

Y; ac 

etc. 



2 

If f is a transcen dental function, it may be quite hard to solve these equations. 

If f is a polynomial, they reduce to a set of linear simultaneous equations which 

can be readily solved for low order polynomials. For the li near case, y =a+ bx, 

the solutions are 
n 

b = 
z: 
i = l 

n 2 z: (x . -x) 
• l l 1= 

(y.-y)(x.-x) 
1 1 

a = y bx 

where 
n .--, 

y./n y = 2._, 
i = l 1 

n 
X = I: x./n 

i = l 1 

Suppose, then, that f can be satisfactorily represented by a polynomial. ~Jhat 

order of polynomial is most suitable? If the order chosen is too low, significant 

trends in the data will be i gnored. If it is too high the fit may be good , but the 

result not significant . If the degree of the polynomial is n-1, a perfect fit wi l l 

be obtained, but the wiggles inf as it turns to pass through the data will probably 

be physically unreal. If there are but f fe1t1 data to be considered, a combined 

numerical and graphical procedure is suitable. Plot the data and look at them. 

If they have an obvious linear , paraboli c or cubic t rend, chose the corresponding 

polynomial form and determine the parameters. Then plot the residuals, yi-f(xi) ' 

vs xi to see whether they appear to be randomly distributed about y = 0. If they 

do not, further adjustment is in order . Higher order polynomials may be tried . If 

they do not eliminate non-random aspects of the residuals 1 behavior, it may be 



3 

necessary to assume f(x) to be something other tLan a polynomial. That problem 

is not add ressed here. 

If many data Or sets of data are to be treated, a numerical test of sign ificance 

may be required. The conventiona l way of doing this i s to compa re the results of two 

different fitti ng functi on s to determine whether or not the second function fits 

better than the first. If it does, a third may be compared with the second, etc. 

The procedure i s to first calculate the sum of the squares of the residual deviations 

for each fit: 

s 2 
n 2 = L [y. - f 1(xi)] 1 i=l l 

( 1 ) 

s 2 
n 2 = L [y. - f 2(xi )] 2 i=l l 

( 2) 

To go on, the concept of statistical degrees of freedom must be introduced. A set 

of n random numbers has n degrees of freedom . If these data are used to derive a 

parameter, such as the mean value estimate, x = [xi/n , the residuals, (xi-x), have only 

n-1 degrees of freedom. If a polynomial of degree k i s fi t ted to the data, the number of 

degrees of free dom of the residuals is n-k-1, since k+l constants have been determi ned . 

The variance of a distribution is the square of the standard deviation and the best 

estimate of the variance is obtained by dividing the sum of the squares of the re siduals 

by the number of degrees of freedom. In the above example, if f 1 contains k1 constants 

determined from the data and f2 contains k2, the estimated variances for f i ts 1 and 2 

are 

If f2(x) provides a 

should be less than s,2, 

2 
Sz = 

2 
significantly better fit t o t he data than does f1 (x), s2 

and t he difference between s,2 ands} should be greater 

than any difference which is likely t o occu r because of random fluctuations . To 
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put it another way, s f and sJ are estimates of distribution paraneters for the 

residua ls, and these estimates are themselves random variables since they are derived 

from a set of random data. Even if there were no real difference between the fits 

provided by f1(x) and f 2(x), s:,2 ands} might still differ because they are derived 

from statistical data. 2 2 What we wish to determine, then, is whether or not s2 -s1 

is larger than would be expected if s1 and s2 were merely different estimates of the 

same quantity. In order to do this we make use of Fisher's ''F-distribution , " which 

is the distribution of the ratio of two variances, 
2 2 with different degrees of freedom: s1 (m), s2 (n) 

derived from a norma l population , 

where m and n are the degrees of 

freedom of the populations from which s,2 and s/ are est imated . The probability 
2 2 that the ratio s1 (m)/s 2 (n) 2 2 exceeds a given number~' even though s1 and s2 are 

estimates of two independent samples drawn from the same normally distributed 

population, is 

= 

(X) 

m/2 r 
(~) J 

a 

(m-2)/2d u u 
(m+n)/2 

( 1 +mu) 
n 

(3) 

2 2 To apply the distribution in the present case, we suppose that s1 and s2 are 

two random samples from the same distribution . The number of degrees of freedom is 

m+l, since there is on ly one value of the difference, so 

2 
s 1 (m) 

Then 

= 

s 2 - s 2 
l 2 2 (n-k) 

s2 

s 2 
2 

- n- k 

F ( 4) 
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To make the test, a significance level must be chosen, say 95~~. We then ask, 11 What 

value must a have in Eq. (3) in order that P = .05 form= 1, n = n-k·? This value 

~an be obtained from tables which appear in many statistics texts, e.g., Introduction 

to Linear Statistical Models, F. A. Graybill (McGraw-Hill, 1961), Vol. l. If 

F = 
s 2 - s 2 

l 2 (n-k) 
s2 

2 
> a.05 

2 2 we conclude that it is more than 95% certain that s1 and s2 are drawn from different 

populations; i.e., f
2

(x) does indeed provide a significantly better fit than f 1(x). 
~ 

This concept and procedure h-crs been incorporated in a FORTRAN program ivhich 

considers polynomials of degree to 4 in succession, calculates F and compares it 

with a.os· Values of F and a are printed out for each case. The program description 

follows. 
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PROGRAM LISTING 

$JuB 
C 

_( 
C 
C 
C 
C -
C 
C 

PROGRAM !I SLC!'E3, USER GXD _ 
SEE INTE RNA L REPCRT SCL 78-)2 

K= NUMi3 :: i, cc: OAT~ PCi t\T S - --- -----
NA = HIGHEST DEG~EE cc PCLY~Jµ t AL TO QE FIT TEC 
NA.LE.5 

01 ;-JENSI UN Y{50l ,X(5Cl 
_3 CO!'JTitJ:..i:: _ ' 

Q.EA:-l('J , 1J2 ) K, 1' 1\ 
1 0 0 F 0:J'1l\T(2f2 ) 

0.44 
0.45 
C.5 
0.6 
0 .1 
0 . 8 
1 • 

. 1. 1--
2. 
3. 
3.1 IF I K. h) . <)9 ) GC re 2 

- -- __ [)C) l I= l, K ---- - - - - -· -- · · - - - 4. -

l REA0(5,1Jll X([ l,'t{!l 
101 F ORMAT(~ Fll.5) 

CALL PCLFITIY,X,K,~Al 
GO TO 3 - - - - -- --- - ·--- -

2 CCNTI NUE 
STOP 
i:1'JO 
SLRROU T!'l :: D()Lr!T!Z,TT, K,~/1) _____ _ 
!; I :'': 'JS I C N l ( K l , TT ( K l , F I 2 5 I , S S ~ ( 5 l , C ( 5 I , 0 ( 2 5 ) , E i 2 5 I , \-i ( ~ '5 l , 

*SL PE(25 l 
C Z{ I l = I TH Vt..LUF CF C!:FEN8::f'i T VAR rt El E 
C T T { 11 = IT H V~LlJ:: c c: Cl: 0 E!!CEY : 1n?. P f l E 
---

c Z(Il, TT(Il OE!=I\E it--, f ITH cAr!l PC if, T 
C K = nLJ.'-1 2. i:P T :Jl\TA PC~i'JS 
C C ( I ) = E S -;- I '' .'.I. T E r: CS E F F I C I F. ~ T r; 1-= ,- .... ~ " ! I - 1 l 
C _ NC - l = D :::: G '.t E:: ~ F ° C L 't \ C ~ ! ..\ L 8 :: I f\ G != IT I E C 
C P ( I} : VAL U:: e r- z C~l ':l~ L:.""'."EC: F?~ ' l i= [T ::c ;:- TT( I' 
C SIGMA = s : A\1~Rn OEVlftl {1~ CF R;srtUALS 
C CH I = SUM GF S()U~RES u: -<ES i rJUI\ LS 
C Fd -;: F / ~·'J( 4 i 

C 
C 
C 

DATA F/!. 6 1.4 S , 
,, 5,9g , 
* 4 . oc:,, 
* 4 , 4 3 , 
* 1t • 3 2 f 

DATA E /2 5 ~1./ 
~R i iE ( A,1 ,)ll K 

U:3.51, 
5.5<?, 
1-t.7 5, 
1 • • 4 4 , 
4.30, 

l O 1 F Ci ~ ~·~ A T ( 1 . i .) , 2 X , ' K = 1 , I lt 1 
DO l 7 ;•~C = l r \i A 
IF { (K - ti (,l .LT . ll GC TC 14 

7 . 7 l , 
5. 12 t 
4 .6~, 
I ' l A 
•t • .:. -- ' 
4.26, 

6 . 61, 
4.S6 , 
1,. 51-t , 
4 , 3 5, 
4.24/ 

C.1-\LL LS (t ·.: IT{Z,TT ,E , 1< ,C, \\1 , r,..:,CET ,1\ CET ,CHt,P) 

C,\LCI.JLAE SLO PE FOR E~CH VAL.LE CF TT( II 

OJ 7 I :-c l, K 
J O = r--:c -1 
SLPE (!I = !).() 
l r (J O. EQ.Ol GO TC 10 
DO 9 J =i tvO 
F J = FL01--\ T(J) 

9 SLPE(~} = SLPE (!I + i::y:((Jtll*(TT(Il"'*(J-ll l 
1 CO\Trr;u:= 

l() crY-.. T"n.!U c 
h 'U TE i 6 , l JJ I 

1 C3 FOR..'~ AT ( 1 rl ) , 3 X , 1 I ' c; X, ' Z •~ c AS ' , =J X, ' Zr :'- LC ' , 6 X , ' TT ' , l OX , ' SLOPE ' ) 
\, R I T :: ( 6 , 1 ,: ~ ) ( r , Z I l , != t I l , T T { I ) , S L 1- : { 1 l , I = l , -< I 

l 04 F t J Ki'·11l T ( 2 :< , I :'. , 3 :< , F ? • u , '3 X , r ~ 2 • b , ~ >- , ;-- l 2 • & , :3 X , F 1 2 • 6 ) 
S I C, ' ! -\ = SQ ,-:; ~ { C: 1 I 1 ";. L ~ T ( :-< - : ; C l ) 
~. R 1 T ~ { 6 , 1 ) :5 I 1-j C , S r~ f! ,\ 

l 0 5 F ] P ~!AT ( l H J , 3 X , ' ! ' , 6 X , ' C ( ! I ' , 1t X , ' \ C = ' , I 2 , ·3 X , 
•;c • .S : (~ I·~ = • , c 1 ? • t) ) 

~, ;-'\ I TE(6, 1 JC:.. ) { ', C([l,I=~,~(l 
l 06 F- ,_' ' • \ I ( ~ V : 2 ' 3 ;, • L l 1,. 6 l 

SSO( t,C i=C H ! 
I F ( NC • r. Q • l ) r, 'J • C l 7 
F f-i = .t S S Q [ ,,: C - 1 I - c S Q { :"I r. l I "' F- L C .,\ T { I< - 1\ C ) / S S C ( t·~ C l 
r. R I T E ( 6 , ~ lj 2 l F h , i= { !< - f', C l 

1 02 FC R.,'IAT(U tJ , 2X ,' ;:: H= ',F7 . 2,lX, ' F= ',F7. 2 /l 

5. 
6. 
7. 

. - --- - -- 7 • l 
7,2 
8. 
9. 
9.41 
q.42 
S.42 1 
q. 422 

_ 9.42 lt 

9.426 
9 . 428 
9.43 
9.432 
9.434 
9.436 
9.438 
9.44 

l ') • 
10.5 
11. 
11.5 
12. 
12.5 
13. 
14. 
15. 
16. 
l? • 
17. 02 
1 7 . 0 1t 
17. 06 
l 7. J8 
17.1 
1 7. 12 
1 7. 14 
17. 16 
1 7 , 18 
1 7.2 
17.22 
17. 24 
lR. 
l S. 
20. 
2 1. 
22. 
2·3. 
2 t, . 

;::, 5 • 
2 ':: . -, --, 
t, . •• 

2 8 . 
2s . 
3C. 
31. 
'.)_ ., 
.,J , _ • 
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IF (FH.GT.FtK-~C) l ~ C -TC 18 
.. \..RITE[ 6tl08 l _ _ __ _ 

108 FOR!'-1A T {lH0 ,2X , 'LAST FIT IS NC T S I C!\! --rCAN T AT TrE 
*S5 PERC~NT LEVEL 1 /l 

18 c orn r ta.,i. 
__ l 7 c,:::i i\ T I ' , ut: 

GO TL) 6 
14 CJf\JT U JUE 

33 • 
-·--· ... ----- - - ------------ .34 ... 

35. 
3c. 
37. 
66. 
67. 
€0. 
81 • \., RITE (6, 10 7\ NC 

.. .l O 7 F !.JR.'~ A T { l H O , 2 X , • K .= !'- C = ' , I 2/ I ) _ 
6 CO\lTPlU~ 

--- --- ·--·--- ----- ----- --------- -------- . 82. 
e-:i. 

2 CrNT Hi oJ E 
RETURN 
END 

e5. 
86. 
87~ 

SLBROUTINE LSCFtT(F,X,E, N,(, ~ ,v,cET, NCET,C~ I,Z) 88. 
OOC 57COO C 

C 
C 

ROUTIN E TO FIT A PCL~~(~IAL T~ qu A SET OF C~lA POINTS h ITH ERROR S OQC5RJ 0J 
___ .. __ _ OOC5SiJJJ 

C F{ I ) = I TH DA r A p Cr NT V ~ Lu E 
C Xtl)=IT H .AB C!SSA 
C El !)=ITH E'{ ROR eA~ {1 STAM {)1\RO CEV!tiTIO; l 

. C _N -=~JU,\\SEP- CF f)/\ : /1 PCir-..TS , _ 
C C ( J i =- J T H r C:::: F • r:F X ~ * ( J - 1 l T '\ r C LY ', r 'J I n L 
C VH J 1 = J TH i:: K ~ 0 ~ L I M I T Cf\ C ( J l ( l S "'." tl \ CA r<. C C EV It, T I OJ ) 

OOCc C000 
OOC61 0<JO 
OOC62 Cl00 

. ___ _ __ ___ . _____ _ OOC6 3000 

C M=NLM3 ER OF CCEF'S FCR FIT 
C C E T.::: D F. TE P ;,• I ~ LD. ~H 'J F ~ f!. H ' ! X U S E C P ·: f TT , i\ 0 F IT I F C c T = C • 
C NDET=PJ ~E P CF 10 DET I S D!VtCEO RY !N C?CER NCT TO OVERFLOh. -

0')C 6 1•iJJ 0 
QOC65 .;JC 
OOC 66OO0 
00C67 0-J0 
() 0 0 68J)') 
OOC 6GOJU C CHI=CH I SCIJ:\ RE CF FIT 

C Z { I 1 = F IT TO F t I I 
C MAX IM U~ VALUE OF ~ JS 10, T ~~T IS x~•9 
C 

D I ~1 E NS I 11 N F { i\ I , X ( t-- I , f:: ( N l , C ( Iv' l , \~ { r,, ) , l i N ) 
DI Mc t~ SI u ~~ R {10, 1 O I , G ( 10 1 , X :< ( 19 l -
I F!N.LT . ~ I GC TC GGS 
l F( M. GT . lJ l GO TO s~s 
DO 10 J=l,M 

l J G { J l -=O. 
DO 20 I =l,N 
T=F ( 11/ {f: (! l **2l 
DC2uJ=l, ,"'1 

. . .. 2.) 
G{J i =G{ .J, i·T 
T= T1<X!II 
M"'-=2*~1- 1 
IF!M.EQ.ll M/11,=3 
DCl 3 J J =-~ t ;,p ... t 

3J XX(Jl= Cl. 
DO 40 i= l,,n 
T=l./( E ( I 1':<"0 ?. l 
DC4JJ '"' l,- ~".\ 
XX{Jl= X X(Jl+T 

40 T=T,;<X( 1 I 

. ___ 50 

DO 50 I=l,M 
00 SJ J=l,~ 
B ( I , J l =XX LI + J:- 1 J 
L =•~-1 
I F ( M. EO.l) GO TO S50 
00 l •J,") I=l,L 
U7in,I).~JF;o: , GCTO 90 - -- ----·- · • - ------ --
DO 6J J=Ir, 1-1 

I F ( B ! J , I l • NF. • 0 • 1 G C TC 7 C 
60 cmn rt-hr= 

GO TO 99 0 
70 DCJ 8-J K-=I ,'-! eo 6{ I,K) =6{I , K) H3{J,K} 

G { ! l = G ( I I -t-G ( ,P __ 
SO DO lt)J J = rI ,M 

foo 

R =EH J ,· I I/ 3 ( r , II 
GlJ1=G( JI-R "'G( I1 
DO lJJ K"' I, '·' __ 
S ( J , K) =h ( J , K ) - ~ * B { I , K) 
DE:T=S ( , '.. r-'1 
I F(OET.~C.O .l GC l( S99 
Nt)E T-= J 

l C2. 
OOC 71000 
OOC72J.JO 

1 C 5. 
OOC740JO 

_ OOC750 )0 
oci:7 6J-J8 
OOC770 0,} 
OOC1 8D'.)0 ooo,gooc 
OOC8 C) 1)0 
J0 C810 .Jr:) 
~ 0 C -~ 2 'Jf) •J 
0OC83 ')'V 
0 0 .: R4.) ,,) ) 
0O(85 :)J) 
0 0 C t 1) 'J J ., 
OOCP? C1J'.:; 
00 C ~ ~ J ·)C 
OJC89)00 
OJCS GJJ~ 

__ OOCGl )J., 
OOCS2 YY 
OOC930GJ 
oocq4J!)_,) 
00095,J L 
00 C 96•)X' 
ooccn ::c 
oo-:s c}'.),_ 
COC S9J)! 
'))lOJJ J ,j 
Oul C10 Y 
00 l 02 () '.)._ 
00103 ;]".:''1 
001C 4~0 j 
1)01(: 5..,) 9 
00106,)-Ji. 
00107C JJ 
0 '.J 1 C 8 ) :)1·-
001 CS J) 
0011 CJ')• 

_ __ _____ __ 0 0 111 C Ji) 
\'.10 11 2 ,)0 j 
r) O l 1 3 ) J , 

:),Jll 1-~.: 
C01 15~l . 
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- - .. --.~~~ - . - . ' . 

C(M'=G{MI/B(M,M} 0011 6000 
DO 120 II=l,L 00ll 7G,)0 
l:M-II 0011 8JOO 

·· ·- ,JJ:::I+l __ ___ _ - - ---- ·--·-·--- __ _____ __ _ ... ____ 00119000 
DET:OET*B(l,!l 00120000 
ABSDET =A ~st nET ) 00121 000 
IF(A BSDET .LT.l.OE50 1 GO TC 1J5 00122J JO 
NDET=NDETi-50 - - · -·-·----- __ ----- ---· --·- - - ----..:.. . ___ -··------·-·------·--···---·-- 001 230JO 
DET=DET*l.OE-50 0012 4000 
GO TO 106 001250.)0 

l l) 5 I r: U, B S O E T • G T • l • J E - 5 C l G O T C 1 0 6 0 0 1 2 6 ) J 0 
NOf:T=:'i'.) ET - 'iO ... --··----- . __ ··-· _ ---· __________ ·•·-- -···- 00127:)00 
0El=OET*l.OE50 00128000 

106 R=G{Il 00129000 
DO 110 J:::JJ, M 00130000 

110 R=R- B! I,Jl *C(J I _ ___ . ··-·-----. . ---·-· ---·--·· ·- ... ..... 00131 0'.JO 
1 2 ) C1Il~k/B{l,Il 0:11 32:JJO 
130 CHI=J. C0133 JOO 

DO 150 I=l, N 00134000 
____ T:Q. __ . . --· -·--- ··-·- -·-·--•·· . . ···-- -·--- . -··- _____ _ __ ________ _ -----· ------ ____ Q0135 0JO 

R=l. 0013 &)00 
00 140 J-==1,M 001370-JO 
T::Ti-C( Jl *R 00138-JJO 

140 R=R.*X( I l - -- -· ··· - - - --·- - -- -·---- - · -·- ---- -- ---- 001 ,9800 
Z(I)=T 172. 

15) CHI=CHit((F(P-Tl/E(Il1**2 0014CJOO 
oo 1 .so .J=1,1; 00141000 

__ K= Z*J-1 __ ... ___ ---·-- __ -·--·······--·-···- ... -·-·- _____ . _____ -----· _ -·- . . 00142 J JO 
XSQ= XX( Kl 00143 000 

l6J ~IJl=l./S C~T{XSQ l 0014400 0 
RETU~N 00145 0JO 

0 lffXX(l't.!:O • .J.t GC T.C 999 -----··· -· - ----------·-.· ---·-------- ----· 00146000 
C(ll=G(ll/XX(l) 00141000 
DET=XX( U OJ1 1, "C8 J 
GO TO 13:J 0Jllt9,)JO 

.... 999 DET=J. _ --·-·-·---····--····-- --- · •·--··---·-- ··- _____ ___________________ . . _ :J015'JJOO 
CHl=O. 00151 000 
RETUR~ OJ15?0~0 
END 187. 

!DATA .. --· ---------·- -------- . -·--· -·- . ... ---·- .. 188. 

U/2 = 
e 

s ttA ~ 0 I J '> 

O';'r'lrx-,) ~ ~ ~ 
1e 



K= 
I 

1 
2 
3 
4 
5 
6 

I 
-1 

I 
• 1 
2 
3 
4 
5 
6 

I 
I 
2 
FH= 

A/\ I\ 1( ' .; 

I 
l 
2 
3 
4 
5 
6 

I 
1 
2 
3 
FH= 

SAMPLE INPUT: 

$DATA 
6 5 

0.011 
0.022 
0.049 
0.071 
0. l 07 
0.119 
99 

43.941 
43.396 
40. 134 
37.050 
34.423 
34.253 

SAMPLE OUTPUT: 

6 
ZMEAS 

il3o9Ll099(' 
43.395990 
LIO. 13Li000 

1 37-050000 
3A.Li23000 
3Li.253000 

CCI) NC= 
0.3R8662f 02 

?ME.AS 
43.94()990 
43-395990 
Li{'l. I 3 40(1(1 
37-050000 
3Li.423000 
34-2530(10 

C<I) NC= 
o. 449Li90E 02 

-().9629R6E (12 

172.34 F'= 1 
I 

?'.MEAS 
43o9LJ099(1 

43-395990 
LiO. 1 3 LiOOO 
37-050000 
34-Li23000 
34-2530()0 

C ( I) NC= 
Q. Ll59602E 02 

-Q.JLJ6097E 03 
0. 3R OL;9 0 E 03 

3. 52 F= 

9 

ZCALC 
3~.R6616(\ 
3R • R 6 61 60 
38-866160 
JR. R 661 60 
38 • 8 6 61 60 
38°866160 

l SIGMA= 

ZCALC 
Ll3 • 8539 700 
42 • S, 3 0 Ll2 0 
Li0.230360 
313• 11 IROO 
3Li-6Li5050 
33-489450 

2 SIGMA= 
. .:, T I I- (, ' ~ 

7. 7 ! 

ZCALC 
LILl.399200 
42°930230 
39 • 71 so 1 0 
37. 505370 
3Li• 684060 
33 • 9 62 79 0 

3 SI GM/'.I= 

l O. 3 1 

LAST FIT IS N01 SIGNIFICO~l ~1 1~ E 

11 SL0PE 
0.011000 0.000000 
0.022000 L:LJUl.Jl.JUULUl.Jl.JLJ 
c.049000 LJL;LJL•UU UUU L'U U 
0.071000 l.JUUl.JlJl.JUl.Jl.iLL:LJ 
0-107000 ULJUUl.ilJUliLJUulJ 
0•119000 l.!LJIJU Uld.1LL: Uli L: 

.ll.294227 '-

11 SL0PE 
0.011000 -96-298640 
0.022000 -96-298640 
o.QLJ9000 ~96.2986L0 
o.07100Q -96-298640 
0-107000 -96-298640 
0-119000 - 9 60 298 6L0 

0. 72 31 02 

11 SL0PE 
0.011000 -137-726300 
0.022000 - I 2 9 • 3 5 S 60 0 
o. 0Li9000 -10-'3-809100 
0.011000 - 92. 0 67 580 
Q. l 07000 -6Li.672270 
Q. l 1 ·?000 - 55. 5Li0480 

0. S 6632 S 

9 5 PERCENT LE 11EL 
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I ZM FAS ZCALC 11 SL0PE 
l 43-9Li0990 44. 02R 4~0 0•01 l 000 - 49 • 9 2 5S3 so 
2 .63.395990 43.2631 ·60 0.022000 -87.454310 
3 40- ·t 3'-'000 40-122460 0-049000 - 134. 5!RR0O 
4 31.05norio 3 7. 1R39 70 0.011000 - 12s. 533300 
5 J4.Ll2300C1 34.23>3?.60 0.101000 -19-148430 
6 34.253000 3'-'-360330 0-119000 4 l ! 60 49 8 0 

I CCU NC= 4 SIGMA= 0-210983 
1 Q.4Li32 26E 02 
2 -Q.t771.ti5E 01 
3 -0.2LJ3034E 04 
4 Q.1Ll6364E 05 
FH= 19-62 F= 1 R • 51 

I ZMEAS ZCtiLC 11 SL0PE 
t 43-940990 43.921000 0.011000 -7-564787 
2 43.395990 43-424770 0.022000 -78-774060 
3 40•13Ll000 40.09i3l40 o.049000 -145.232800 
4 37.050000 3 7 • 0 7RS3 50 0.011000 - 120-837300 
5 34-423()('0 34.407130 0 • t O 70 00 - 25. 561030 
6 34-253000 34-260620 0-119000 -o. 518555 

I CCI) NC= 5 SI G'.11 A= o. 0 58 755 
l o • .03413sr 02 
2 Q.9566JRE 02 
3 -o. 5LiS577E ()4 
4 0•500994E 05 
5 -().J363?9E 06 
FH= 2 4 . 79 F= 16).45 

LAST FIT IS N01 SIGNIFICA~l A1 THE 95 PERCEN1 LE\iEL 
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Table A.3 Central F Table .. 
Entries ar e Fp(v,, v2 ) where P f g(F) dF 

,J F/v,, v,) 11
1 

= 1 

. , pa 0. 0001 p •0. 001 p •O.OOS p .o. 01 p•O,OZj p• o.os p :eO, I p•0.H p•O. S p ■ 0. 75 p• 0.' p•O. 95 p,. o. 975 p • O. '19 p ■0. 99S pa 0, 999 p • 0. 9999 

I ♦7) ◄ , OSl:b !♦ S) -4 .0Sl:8 H} i.6lll (t)) • . o:,u c~z> 6 . • 11, l+ll I. 61", (ti) l Yllb ◄ s. 8.?85 l. OOC•J - 1) 1. 7157 (-Z) l . SOBS (-)) 6. 19li 1-l) L 1HJ7 (-4) l.. ◄678 (· S) 6. 1687 (-6) l . ◄67-4 (-8) Z . ◄ 6H 

,., ( 6) l . 382.1 (◄) S, ll19 Pl l. S09i ()) 1.10.U (l) Z J9Z7 (I) 7. ◄80l f I) 2. 1000 4. )669 ( · l) 8. 7158 (-1)1.581 (-Z)Z. HH f•l) S. 7918 f- l ) I. 4H6 (- ◄ ) z. )097 f-S) S . 71lb :-6) l , 1 09 4 (-8) z. 10i◄ 

I ' 
(SI 1. 4790 {)) 6 . 8617 (Z) 8. 018 4 f!) l.17S6 (1) 9.ZSJ9 Pl 1. uoo {1) 1.1728 l, lZlS (-1) 7. 61i2 1-1) l. -4 5◄0 l•Z) l.17'H (-)) s. 399'4 l•l)l H68 1•4) z. 15)6 (-S) S. l8H (-6) Z, 15ll ( -8) Z. lSll 

l 

J 

• 
' 
4 

, 

• 
9 -

10 

" 
\' 
zo 
,. 
JO 

<O 

... 

1'0 

m 

i>J) 9. 9985 ( +Z) 9 . '1850 11-Z) 1.9850 (tl) 9. S SOJ 1+1) ) . 8506 (♦ I) l. 8SI l 8. Sltd l . Sll 4 (- l) 6. 6bti7 1-1) l.Jlll 1-Z) ,L OlOl (-l) S.OIB 1- l) I. '''" (- 4) l. 000l (-S) S.0000 c-4) z. ooon (-8) z. 0000 

+Z) 7, 1401 (+Z) I. o70 l f'I) S. HSl (ti) ). -4 116 t+lJ L HO (♦ I) 1.0ll8 S. '>l!l Z. Olli (.1) S,#>Ob (-1) I. l l9S (-Z) l. 86S<l (-l) 4 . 6H9 (-l) l. I SH (- 4) I. IIS07 t- S) 4 . 620 4 1-61 l. 8S06 (-81 1. 8SVS 

+ Z) Z. 4 162 f+ I) l . --1. l l7 (ti) l. IJ)} (ttll.1198 (ti) l. UIS 7. 7086 4 . SH8 1.80H I l ) S, ◄66 i (.1) 1.10S4 (-l) I. 1911 (- ll 4. 45.;11 (-l) L 11 10 (-4) I. 7779 (-SJ 4.HH ( -!ii I. 7778 1-8) I , 177& 

t-Zl I.Z49-1 k• l) " · 7181 (ti) l. l78S (ti) 1. 6.!S8 1+111. 0001 6. ti079 4. 000-t t. t.9zs (· I) S. l807 1-1) I. JJJ8 1-Z) L H70 1-ll 4. lH8 1- ll 1. 0848 1- 4) 1.1HO (-S) 4. H7l (-6) 1. lH9 (-8) 1. lH9 

+1)1.z.&aq ♦ ll l.SS07 (ti) 1. 8C.H jt,I) 1. l14S 4. tli ll s. 9117 4 ). 7760 1.6lH 1-11 s. 1489 (- 1) 1.lllZ (- ZI 1. 71 8 1 (-l) 4. Z7l7 (-}) 1. 0671 (• i ) I . 70611 t- S) 4 . lf:i68 { ~6) I. 7067 (-81 l. 7C67 

t, () 6. Z 167 k+I) Z.'UH ,,.11 1.606 ( ti) I. Zl46 8 . .:..11. 1 S. S'H 4 l. Sa94 l.<;llZ (· ll S. OSll (·JI 1.0986 (-2) 1. 6976 (-ll i .ZlH (- JJ l.OS4b ,_ 4 ) l. 6868 (· S) 4 . l:167 1-b) I. 6867 (-11) 1. 6867 

t l) s. 0694 (t I) Z.. S~ IS (Tl) I. <lotl8 (t I) 1. lZS9 7, S709 s. )177 l.H79 l, S311" (-1) 4 . 9598 (·ti I. 0879 (• l) I.UH (-l) 4. 11162 (-}) 1.045) (· 4) 1. 6718 I• SI 4 1797 (-0) l.6718 (-8} I. 67Hl 

ti) 4. H77 (t I) l , l:aS7 (1"1) I, J6 I .f. (f\) I. OSOi 7. l:09} S. IIH J , JOO} I. 51 l l 1-1) ◄. 918! ,. !) I. 07?1> (-l:) 1.610b I· l) 4 . I 57 l (-JI t.Ol81 (• 4) I. 660i 1- st 4. IS,c.l -t ( •6) I. 66Cl (•Ill I t.601 

tll l. 8H7 + II l:. 10<10 ( t i) I. l8l:6 (•II 1.0044 6. 9)67 • • 96-46 l. l8SO I. i 91, I• I) 4 . d?lJ (.\) I QH9 (- l) t. 61.> 1 l t-1) 4 . ll4J (-J) 1.0ll4 {• 4} 1. 6SI l (- S) 4 , IZ.81 I ·DI l 651Z 1-81 I 651 Z. 

♦ I} J.H27 ttll I. 86·tl (♦ l) l.lH◄ 9. llOl 6, SSlll 4 . 747 ). 17b 5 I. 1.61) 1-11 i . 8Jb9 (-J) I 06ll (- l ) t.6◄7J (-}) ◄ . 09't9 1-Jl 1.0218 1-4 ) l. til77 (.S) • .0'H0 ( -61 I. 6176 (-8) 1. f.J76 

• 1) Z, 14481011 I. 6S97 (,.l) l.07H 8. 68)1 4. "9' 4. S4JI l.071.! I. 4121 1-1) i .7ih l•I) 1,0SH (-Z} L6JH (. )) 4 . 06),9 I· J) I. 01 S4 (- <I) t.6HI , .~, .. . 0601 ,.,, I. 6Z....O (-8) I. 6Z~O 

♦ I) Z. H9'1 t I) I. ◄&l-1 9.•H 19 8. 09(,Q S. 81 I <I.Bil l:. 9H7 1. '4017 (.I) 4 , 719l (-1) l. 0 4)7 (•l) I. 6197 (- JI 4.0121 (•l) i,00b9 (- 4 ) l. 6106 (-S) 4.0264 (-6) I. 6105 {•II) I 6 105 

(+ ! ) l, 11)6 1 1• 1) I .. o.?~ 9. :,51) 7.82!~ s. 7 167 4. l:597 l:, 9271 , . 18911 1-11 ... f.90! (•I) 1.0J8Y (-ll I. 6tl9 (- ll 4 . OI SJ 1-1> 1. 0021 , . .. , l.60 fi0 (. SI 4 . 0096 (-$) 1 60)9 (-Ill I. 60)9 

(♦ ll 2.C,O'tl jt-1) I. JZ'il q, I 7<l7 7.S6lS S,S,l,H 4 . 1709 l. 8807 1. Hbl t-1) ◄. 6616 (. ti I. OHl (- l) I. 60t.O (- ll 1. 998C. (- 4 ) 9. 9llf.O (- 4 ) 1. 5971 (- 51 J. 99}0 t -61 I. 597! 1-8) 1. 5912 

ti) I . 866( (+\) 1. 2:b09 8.8!78 7.1141 s. 4ZVi 4.08◄II l . 8JS4 l. J6Z1, (-1) 4.bHO 1-1) I. 0294 1-l) I . i99l (- J) J. 9818 (- 4 ) 9. 94◄ 1 (- 411.5906 (· 5) l. 4765 (-6) I. 5906 ( -1) LHOb 

ltl) l "' {ti) L 19 7) 8 . -t94b 7. 0771 S. lll57 4. 001 l z. 791 4 t.JHl (-1) 4 . 60SJ (-0 t.0247 (• Z) I. 592:S (·l) l. 96SI (- 4 ) 9. 90)0 (- 4) l. 5840 (-51 l . 9S99 (-6) I. 58\9 1 ·8) I 5819 

t I) I. 6.?.U4 (ti) I. 1)80 8.17'10 6. SSIO S.15li 1. 9l:Ol z. 1418 l.Hol (-ll ... S7H 1-11 I. 0200 l-l) I. S858 t- l) l. 9 481 1- 4) 9. 86 l'J (- 41 I. 5774 (-51 l . 904 1-6) I. 5774 1-8) I. S7H 

ti) LSI 17 ftl) 1. oaza 7.879 .. b,OH9 5. OH9 }. 841 ! l. 1055 1.Jl.H (·I) 4 . ~q; I · I) I. 01 SJ 1-ll I. 991 (• l) l. 9Jll (-◄) 9. &20J t· 41 t. S708 I• SI J, 9l70 ( ·6) l.5708 (-8) l S708 

111 = nume r ator degrees o[ freedom ; v
2 

= denominator degrees of freedom. 
T he numbers in parentheses indicate the power of ten by which the number following is to be multiplied, e.g., (-1) 1.2345 
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T able A. 3 is reprinted from Lewis E. Vogler and Kenneth A. Norton, Graphs and Tables of the Significance Levels F (v,, v2, p) 
for the Fisher-Snedecor Variance Ratio, from NBS report 5069, National Bureau of Standards, Boulder Laboratories, by the 
kind permission of the authors and the director of the Boulder Laboratory, F. W. Brown. 
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