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Given a set of data (yi,xi), i = 1,n which represent some physical relation

y = f(x). The x; are assumed to be true values and the y; are assumed to be

W R
s

approximations to true values &'aﬁd normally distributed around it. That is, if
y = f(x) were known, it would be found that the fraction of values (yi-y) which 1ie

between u and u+du is given by

i 2
1 -{u-p)~/20
ov2m . 5 d

d(u)du = u

where p, the true mean value of Y-Y; is zero and o is the standard deviation of
yyss i.e., 95% of the values of ¥ ¥ lie in the interval (-20,20)
If it is suspected that the dependence of y on x is accurately described by
a particular function f(x;a,b,c,...), where a,b,c,... are adjustable parameters,
it is possible to estimate the true values of the parameters by the method of least

squares. The procedure is to form the sum

4, 5
8 = 7.1y — fltanbiceell
= '[ '§
i=]
and differentiate it successively with respect to a,b,c,... . These derivatives

are all set equal to zero, and there results a set of simultaneous algebraic equations

which can, in principle, be solved for a,b,c,...:
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If f is a transcendental function, it may be qu%te hard to solve these equations.
If f is a polynomial, they reduce to a set of linear simultaneous equations which
can be readily solved for low order polynomials. For the linear case, y = a + bx,

the solutions are

b = i=]
L o
2: (xi—x)
i=1
= 3= b
where
. -
¥ = 2, X0
i=1
_ n
X = 2 x/n
i=]
Suppose, then, that f can be satisfactorily represented by a polynomial. What

order of polynomial is most suitable? If the order chosen is too low, significant
trends in the data will be ignored. If it is too high the fit may be good, but the
result not significant. If the degree of the polynomial is n-1, a perfect fit will
be obtained, but the wiggles in f as it turns to pass through the data will probably
be physically unreal. If there are but}{ few data to be considered, a combined
numerical and graphical procedure is suitable. Plot the data and look at them.

[T they have an obvious linear, parabolic or cubic trend, chose the corresponding
polynomial form and determine the parameters. Then plot the residuals, yjef(xi),

VS X to see whether they appear to be randomly distributed about y = 0. If they

do not, further adjustment is in order. Higher order polynomials may be tried. If

they do not eliminate non-random aspects of the residuals' behavior, it may be



necessary to assume f(x) to be something other ttan a polynomial. That problem
is not addressed here.

If many data or sets of data are to be treated, a numerical test of significance
may be required. The conventional way of doing this is to compare the results of two
different fitting functions to determine whether or not the second function fits
better than the first. If it does, a third may be compared with the second, etc.

The procedure is to first calculate the sum of the squares of the residual deviations

for each fit:

n
SHR W AR A (1)
2 3 T, < 000 (2)
2 o =

To go on, the concept of statistical degrees of freedom must be introduced. A set
of n random numbers has n degrees of freedom. If these data are used to derive a

parameter, such as the mean value estimate, x = 2x1/n, the residuals, (xi—i), have only

n-1 degrees of freedom. If a polynomial of degree k is fitted to the data, the number of
degrees of freedom of the residuals is n-k-1, since k+1 constants have been determined.
The variance of a distribution is the square of the standard deviation and the best
estimate of the variance is obtained by dividing &he sum of the squares of the residuals
by the number of degrees of freedom. In the above example, if f] contains kI constants

determined from the data and f2 contains k2’ the estimated variances for fits 1 and 2

are
2 .2
5 =y /(n-kI)
2 . 2

. Z
If fz(x) provides a significantly better fit to the data than does fl(x), S5

should be less than sf , and the difference between sf and s; should be greater

than any difference which is likely to occur because of random fluctuations. To



put it another way, 512 and S;B are estimates of distribution pérameters for the
residuals, and these estimates are themselves random variables since they are derived
from a set of random data. Even if there were no real difference between the fits
provided by f](x) and fz(x), S;E and s; might still differ because they are derived
from statistical data. What we wish to determine, then, is whether or not S;E-Sf
is larger than would be expected if Sl and 32 were merely different estimates of the
same quantity. In order to do this we make use of Fisher's "F-distribution," which
is the distribution of the ratio of two variances, derived from a normal population,
with different degrees of freedom: sf (m), 55 (n) where m and n are the degrees of
freedom of the populations from which 512 and séz are estimated. The probability
that the ratio sf hn)/égz(n) exceeds a given number a, even though 512 and S;E are

estimates of two independent samples drawn from the same normally distributed

population, is

2 m+n o .

S r(——) m/2 (m-2)/2
p (T‘ sa) = Sy C ol (3)
e rEriz) " i (1+m}ru)(m+n)/2

To apply the distribution in the present case, we suppose that Sf and S;Z are

two random samples from the same distribution. The number of degrees of freedem is

m+1, since there is only one value of the difference, so

52 5 5°
sz(m) = 2 s%fn) = 2
1 - 1 ’ 2 = n-k
Then
s 2 (m) ol
I = A = F (4)
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To make the test, a significance level must be choseﬁ, say 95%. We then ask, "What
value must a have in Eq. (3) in order that P = .05 for m =1, n = n-k? This value

can be obtained from tables which appear in many statistics texts, e.g., Introduction

to Linear Statistical Models, F. A. Graybill (McGraw-Hi11, 1961), Vol. 1. If

o, L%
5 =5

it “‘—?2—(“'“ LR T
2

we conclude that it is more than 95% certain that Sf and S; are drawn from different
populations; i.e., fz(x) does indeed provide a significantly better fit than f}(x).
This concept and procedure has been incorporated in a FORTRAN program which
considers polynomials of degree 1 to 4 in succession, calculates F and compares i
with a 45 Values of F and a are printed out for each case. The program description

follows.
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ROUTINE TO FIT A PCLYNCMIAL THRU A SET OF CATA PCINTS WITH ERRORS
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SAMPLE INPUT:

$DATA
6 5

0.011 43.
0.022 43
0.049 40
0.071 37
0.107 34.
0.119 34
89

SAMPLE OUTPUT:

941

.396
.134
.050

423

. 253

K= 6 ‘ '
53 , 7MEAS 7ZCALC 17 SLOPE
1 43.940990 38.866160 0.011000 0.000000
2 43.395990 38.866160 0.022000 LLuLbuLuuub
3 40.134000 383.866160 0.043000 puLibiureiey
4 /37.050000 3%.266160 c.071000 uLLtuuuuitu
5 | 34.423000 38.866160 0. 107000 LLlbLLULLL LU
6 34.253000 3R.866160 0.119000 LuttttutLiuy
e cc1d NE= SIGMA= By 29H0D
-1 0.38%662E N2 ;
e f ZMEAS 7ZC8LE 215 SLOPE
1 43.940990 43.8%89 700 0.011000 ~96.298640
2 £3.395990 42.830420 0.022000 -96.298640
3 204132000 40+230360 0.049000 ~96.298640
4 37.050000 38.111%00 0.0710C0H -96.298640
5 34. 4232000 34.645050 . 0107000 -9 6. 298640
6 34.253000 33. 489 450 0.113000 -9 6.298640
1 Gely) NC=01.2 SI GMA= D« 7232102 '
1 O+ 4494905 02 HETu.%\wgwn o E
2 -0.962986E 02 '
FH= 17203A Bi= 1 Te 1
PR = it
1 ' . 7MEAS BT 11 SL@PE
1 £3.940990 44.399200 0.011000 -4 37« 126300
2 43.395990 42.930230 0.022000 -129.355600
i 404134000 39. 715010 0.049000 -108.809100
4 37.050000 37.505370 0.071000 -92.067580
g 34. 423000 344 6% 4060 0. 107000 - 64, 6722170
6 34.253000 33.962790 0.117000 - S5. 540480
1 BT NCz 3 &1 GMA= 0.566325
1 0. 459 602E 02
o -0.146097E 03
3 0.3%02490E 03
FH= 3.52 F= 10.31

LAST RIq IS N@d SLGNIRIESNTE AT THE 95 PERCENT LEVEL



I ZMEAS
43.940990
43395990
40.134000
37.050000
34. 423000
34.253000

1 Eery -
0.443226E 02
: =@l T 71 ASE ]
-0.243034E 04
0-146364F 05
19062 F=

NN WM

A WN -

H=" 1R«
1 ZMEAS
- 43.940990
434395990
40134000
37.050000
34. 423000
34.2530C0

| T CCI)
0. 434738E
0:95661R8E
-0 548577E
0. 50039 4E
-0+ 36329E
P4.79 F=

s WN -

NE= 5

02

02

04

'S

06
161

Mwunbd WD —

H="

LAST FIT IS N@T SIGNIFICANT AT THE

NC= 4

ZCALC
444028 420
43.2 63160

10

406 122460 .

37.1839 70
34.238260
34.360330

SICMA=

51

ZCALC
43.927000
43+ 424770
40.0973140
37.073850
34.407130Q
34.260620

SIGMA=

45

11

Tk
0.011000
0.022000
0.049000
0.071000
0.107000
0.119000

0.210983

0.011000
0.022000
0.049000
0.071000
0.107000
0.119000

0.058755

SLAPE
-49.9258 50
-87. 454310

- 134+ 518800
=125. 533300
-19. 148430

41+ 604980

SLOPE
-7.564787
- 78+ 774060
-145.232800
-120.837300
-25.561030
-0.518555

95 PERCENT LEVEL
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Table A.3 Central F Table

- @
g Entries are F,(y, v,) where p = f g(F) dF
J- Fp("'v Vl) = v, = ) b
*2 |p=0.0001 | p=0.001 |p=0.005 |p=0.01 |p=0.025 | p=0,05 | p=0.1 p=0.25 |[p=0.5 p=0,75 | p=0.9 p=0.95 |p=0.975 | p=0.99 |p=0.995 |[p=0.999 |p=0.9999| *2
I {4T) 4.0525)(45) 4.0528)(+4) 1.6211[{#3) 4.0522((+2) 6. 4279{(+2) 1.6145[(+1) 3. YBb4 5.8285 L.OOGOR. L) L, 7087 ((-2) 2. 5085((-3) 6.1937((-3) }. 5437 [(-4) 2, 4678 (- 5) 6, 1697 [(-6) 2. 4674(-8) 2. 4674 1

1.2 [(6) 2,3821 | (4} 5.1319|{3) 3.5094/(3) 1. 1048 |(2) 2.3927| (1) 7.4802 {1} 2.3000 4.3669 (1) 8. 7158 (~1) 1. 5819(-2) 2. 3424[(-3) 5. 7938)(=3) 1. 4446[{-4) 2.3097|(-5) 5. T73b}{-6) 2. 3094/{-8) 2. 3094} 1.2
1 3 [(5) 1.4790 | () 6.8637 {2) 8.0184|(2) 3.1756 ((1) 9.2839( (1) 3.6200/ (1) 1,3728 3.3235(~1) 7.6142 [(-1) 1.4540|(-2) 2. 1794[(-3) 5.3994](-3) 1. 3468 )(-4) 2. 1536/{-5) 5. 3834[(-6) 2. 1533[(-8) 2. 1533| 1. §
2 [+3) 9.99B5)(k2) 9.9850((+2) 1.9850|(+1) 9. 8503 ((+1) 3.8506(+1) 1.8513 8. 5263 2, STU4{(-1) 6. 666T|(-1) 1. 3333[{-2} 2, 0202|(-3) 5.0125](-3) k. 2508 }{-4) 2.0002(-5) 5.0000|(-6) 2. 000n|(-8) 2. 0000 2

3 [#2) 7.8401(#2) 1. 6TCH{+1) 5. 5552((+1) 3. 4116](+1) L. 7443/(¢1) 1. 0128 5.53133 2.0239|(-1) 5.8508)(-1) 1.2195|{-2) 1.8659((-1) 4.6359/(~3) 1. 1572/(-4) 1.B507|(-5) 4, 6264[{-6) |.B506({-B) },8505 3

4 K+2) 2.4062[+1) T.4137|(+1) 3, 1333[041) 2. 1198(+1) L, 2218 7.7086 4, 5448 L.BOT4|( 1) 5, 4863((-1) 1. 1654[(-2) 1, 791L|(-3) 4. 4528[(-3} 1. 1116(-4} 1. TT79|({-5) 4. 4444[(-6) 1, T778[(-8) 1. 7778} 4
S K+2) 1.24940{#1) 4. TIB1|{+1) 2.2785|(+1) 1.6258{{+1) 1.0007 6.6079 4.0604 1, 6925|(-L) 5, 2807(-1) 1.1338] (=2) 1.7470(-3) 4. 3448|(-3) 1. 0B4B|(-4) 1. 7350((-5) 4.3373 (-6) 1.7349((-8) 1. 7349 5
6 K41} B.2439{{+1) 3.5507|(+1) 1.8635|(+1) 1, 3745 8.Bi31 5. 9874 3.7760 1.6204[(-1) 5, 1489)(-1) 1. 1132|(-2) 1. 7181 (-3) 4.2737[{-3} L. 06T1[(-4) 1. 7068|(-5) 4.2668](-&) 1.7067|(-8) L.7C67 &
T K+l) 6, 21670(41) 2.9245((#1) L. 6236|(#1) 1.2246 8.u127 5.5914 3, 5894 1.5732|(-1) 5.0572 (-1} 1.0986[(-2) 1,86976|(-3) 4. 2235|(-3} 1.0546|(-4) 1.6858)(-5) 4. 2167|(-6) 1.6867|(-8) 1. 6867 T

8 K+l) 5,0694((+41) 2.5415|(+1) L. 4088 |{+1) 1.1259 7. 5709 5.3177 3, 4519 1. 5384|{-1) 4.9898/(-1) 1. 0879|(-2) b.6824[(-3) 4.1862((-3) L.0453((~-4) 1.6718[(-5) 4 1797|{-6) 1,6718[(-8) 1.6718 8

9 fl) 4, 347741} 2.2857|(+1) 1. 3614i(#1) 1. 0561 7, 2093 51174 3, 3603 1. SE2L(-1) 4. 9382 (-1} 1.0796[(-2) 1. 6706](-3) 4. 1573(-3) 1.0381|(-4) 1.6604[(-5) 4. 1509](-6) 1. 6bCI[(-8) 1.6603| 9

10 fel) 3.8577)(r1) 2. 1040[(+1) 1. 2826 [{+1) 1. 0044 6.9367 49646 3.2850 1.4905((-1) 4, 8973 [(=1) 1.0729](-2) L. 6u13(=3) 4. 1343(=3) 1.0324[(-4) 1. 6513](~5) 4. 1281](-6) 1. 6512](-8) L, 6512] 10

B2 Kel) .2827(41) 1.8643[(F1) 1. 1754 9.3302 6, 5538 4,747 3.1765) 1. A6130=1) 4. 8363 (1) 1. 0631](-2) 1.6473[{-3) 4.0999[(- 1) 1.0238[(-4) 1.6377)(-5) 4.0940{(-6) 1. 6376](-8} 1, 6376] 12

15 fri) 2.745800) 16587+ 1) 1.0798 8.6831 6. 1935 4. 5431 3.0732 1. 43210(-1) 4. 7775 (1) 1. 0534](-2) 1.6335](-3) 4.0658](-3) 1. 0154](-4) 1.6241]1-5) 4.0601|(-6) L. 6240|(-8) L.6240] 15
20 [+1) 2.33994+1) 1. 4819 9. 9419 8.0960 58715 4,351} 2. 9747 L. 4037 (-5) &, T192/¢.1) 1, 0437[(-2) 1. 6197|(-3) 4.0321[(-3) 1,0069|(-4) 1.6106((=5) 4.0264((-6) 1.6105|(-8) 1.6105| 20
24 |(+1) 2,166Y(+1) 1. 4028 9. 5513 7.8229 5.7167 4. 2597] 2.9271 1.3898((-1) 4.6902)_1) |_0389((-2) 1.6129](-3) 4.0153](-3) 1.0028)(-4) 1.6040](-5) 4.0096(-8) 1. 6039(-8) 1. 6039 24

30 [(+1) 2.0092[(r1) 1. 3293 9.1797 7. 5623 5. 5675 4.1709 2.8807 L. 37611 (-1) 4. 6616]¢_1y 1, 0341 [(-2) 1. 60L0](-3) 3.9986(-4) 9. 9860[(-4) 1, 5973((-5) 3,9930(t-8) 1.5972((-8) 1.5972| 30
40 N#1) 1.866al(+1) 1.2609 8.8278 7. 3141 5. 4219 4.0848 2.8354 1. 3620{(-1) 4.63300_ 1y 1. 0294((-2) 1. 5393 ((-3) 3. 9818(-4) 9. 9443 }(-4) 1. 5906(- 5) 3.9765/(-6) 1.5908(-8) 1.5306| 40
50 [+1) 1.7377)(+1) 1. 1973 8.4946 7.0771 5. 2857 4.0012 2.7914 1. 34931(-1) 4.6053|( 1) 1. 0247{(-2) 1. 5925[(-3) 3.9651 |(-4) 9.9030|(-4) 1. 5B40[(-5) 3,9599](-6) ). 5839|(-8) 1. 5839] &0

120 [+1) 1.6204/(+1) 1.138¢ 8.1790 6.8510 5.1524 3.9201 2.7478 1.3362{(-1) 4. 5774l(. 1) 1.0200](-2) 1. 5858(-3) 3.9487|(~4) 9. 8619|(-4) 1. 57T4[(-5) 3, 9434](-6) 1.5774](-8) 1. 5774 120

@ f{+1) L.5137)(+1) §.0828 7.8794 6.6349 5.0239) 3.8415 2.7055 032330 - 1) 4. 5495) 1) 10153 1-2) 1. 5791 |- 3 3. 9321 |(-4) 9. B203{(-4} L. 5708[(-5) 3. 9270]-6) 1.5708)(-8) 1.5708|

v, = numerator degrees of freedom; v, = denominator degrees of freedom.

The numbers in parentheses indicate the power of ten by which the number following is to be multiplied, e.g., (-1) 1.2345
= ,12345,

Table A.3 is reprinted from Lewis E. Vogler and Kenneth A. Norton, Graphs and Tables of the Significance Levels F(y, v,, p)
for the Fisher-Snedecor Variance Ratio, from NBS report 5069, National Bureau of Standards, Boulder Laboratories, by the
kind permission of the authors and the director of the Boulder Laboratory, F. W. Brown.

From: F. A. Graybill, An Introduction to Linear Statistical Models (McGraw-Hill, New
York. 1961), Vol. 1, p, 425.




