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INTRODUCTION 

The fitting problem I am concerned with occurs in the following situation. For each 

value, X;, of some independent variable, such as specific volume of a material, you have a 

measurement, /;, of the property f. For example, f may be pressure, temperature, charge, 

resistance, reflectance, fluorescence, or . . . . The index i ranges from I to m; m being the 

number of observations. The function F(x; g:,) describes the relationship that (you presume) 

exists between property x and property f of the material. It is parameterized in the 

coefficients g_ = (a 1, a2 , ••• , a3 , .. . , a,.), with the index j ranging from I to n; n being the 

number of parameters or unknowns. 

The problem is to determine a set of values of the n parameters g_ that makes the 

function F • best match the variation of f versus x as given by the set of discrete data points, 

{ x;, /; }. "Best" is defined in the least-squares sense: 

The difference between the measured value of f and the function F for a given value of 

x, say x, is called the residual of the fit at x. The best fit of F to the x-f data is the function 

given by the set of n parameters g_ that minimizes the sum of the squares of the residuals with 

respect to variations of the parameters. This is equivalent to minimizing the variance of the 

fit, which is the sum of the squares of the residuals divided by m, the number of 

observations. 

For fixed x = X;, regard F(x;; g_) as a function of the n continuous variables a3 . I will 

discuss both the case where the function F is a linear function of the parameters, as for an 

(n -1 )th degree polynomial, and the case where F is nonlinear. I will only consider the 

overdetermined case, in which we have more observations than unknowns (m > n ). The 

determinate problem (m = n) can be cast as a set of simultaneous equations, the solution to 

which is obtained by inverting a square matrix of the factors that multiply the coefficients of 

the fitting function. For treatment of the underdeterrnined case refer to the references. 
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F(x; _g_) LINEAR IN a,-

When F is linear in the parameters a,- a unique set of values that optimize the fit can be 

determined. In this case the function F is given exactly by a finite Maclaurin series 

n 

F(x=x·· a)=" F- · a-,, - L.J ,,, 1 (1) 
j=l 

where 

(2) 

For example, if F is a quadratic polynomial (n=3) we have 

F(x;; ai, a 2 , a 3 ) = a 1 + a 2 x + a 3 x
2 (3) 

= F;,1 a1 + F;,2 a2 + F,,3 a 3 

The Maclaurin series representation of the function F leads to the desired solution. Using 

this representation the residuals are 

m 

n 

= f,· - " F- • a • L.J •,J ] 
j=l 

and we wish to minimize ¢, = :E R? with respect to the parameters a,-: 
i=l 

Rearranging yields the normal equations, 

m n n 

" " F- • F-k a · = " F- k f • LJ LJ ,,, , . J LJ , , ' 
i =l j = l i=l 

or, in matrix notation, 

(4) 

(5) 

(6) 

(7) 

The coefficient matrix _g_ is n x 1 dimensional. The observation matrix L is m x I 
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dimensional. The dimensions of F are m x n. Because FTF is a square matrix, the fitting 

problem is reduced to a determinate set of simultaneous equations. For a nonsingular, square 

matrix A the solution to the equation A Q. = p_ is £ = A-1 p_ . Hence, the least-squares 

solution to the overdetermined, linear fitting problem is 

£= (FTF rl FT L (8) 

where, 

a1 /1 
a2 /2 

£= L= 

an. Im 

and 
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F= 

To perform a polynomial fit for which the curve intersects the origin of the x-f plane, 

omit the coefficient a 1 for the above procedure. 

F(x; g_) LINEAR IN a,- WITH LINEAR SIDE CONSTRAINTS 

If, for example, the fitting function is a sum of functions that each represent separate, 

contiguous ranges of the independent variable x you may wish to impose constraints on the 

values of the parameters in addition to the minimization of the residuals of the fit. As a 

simple case consider the fitting function 

(9) 

Side constraints can be used to specify the behavior of F at x = x. For instance, in the 

common case of fitting cubic splines to data as an interpolating function you require that at 

each knot x1c the two cubic functions are continuous, and smooth to second order in x. This 

example is given below following presentation of the equations for the general case. 

The fitting problem with side constraints comprises Eq. ( 1 ), written here in matrix 

notation, 

L = F g_ (10) 

and p equations of constraint 

b=Ca (1 l) 

In Eq. (10) I have identified the value of the function F(x; g_) at x=x; as/; . The dimensions 
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of the constraint matrix C are p x n, and those of !z.. are p x I. 

To minimize the sum of the squares of the residuals and simultaneously satisfy Eq. (I I) 

we introduce a p x 1 dimensional matrix ,l , whose elements are undetermined Lagrange 

multipliers, and seek to minimize the function 

The extremum condition is 

[F· L [1 · - ;, F- • a·) - C.LJ\ • l = 0 I,~ I L...J I ,J J 11'1, I 

i=l 

Equivalently, in matrix notation, 

We have two sets of normal equations 

and 

Ca= b 

These can be expressed in one matrix equation as 

This matrix equation is a determinate set of simultaneous equations. Letting A be the 

(n + p) x (n + p) square matrix in Eq. ( 16), the solution is 

[~] A-1 
FTL 

= 
b 

or 

fl.= A-1 FT L and ,l = A-1 !z.. 

% 

(12) 

(13) 

(14) 

(15a) 

(15b) 

(16) 

(I 7a) 

(17b) 



EXAMPLE - CUBIC SPLINES 

To fit two splines the fitting function is 

with 

(18a) 
and 

(18b) 

In addition we require that F is continuous, and smooth to second order in x at the knot. 

These constraints are 

- -2 -3 - -2 -3 au + a12 x + a13 x + a14 x = a21 + a 22 x + a23 x + a 24 x 

a12 + 2a13 x + 3a14 x2 = a22 + 2a23 x + 3a24 x2 (19) 

2a13 + 6a 14 x = 2a23 + 6a24 x 

In general, for F comprising r splines there are 4r coefficients and 3(r- I) constraints, 

leaving r+3 degrees of freedom. The least-squares solution [Eq. (17)] applies when m > 4r. 

Rewriting Eq. (19) in the form of Eq. (11), we have f2. = 0, and for the present case of only 

two splines 

c a = o 1 2x 3x2 o - I - 2x - 3x2 

o o 2 6x o o -2 -6x 

F(x; .£) NONLINEAR IN a,-

(20) 

When F is nonlinear in the parameters the least-squares solution to the fitting problem is 

not unique. With the procedure I will discuss we attempt to generate the least-squares 
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solution from initial values of the parameters, which are obtained from an educated guess, by 

adding successive incremental "improvements" to them. (The increments are improvements 

when the iterative process does converge to a set of parameter values that minimizes the 

variance of the fit.) A set of increments for the parameters is calculated in much the same 

way as the parameters themselves were determined above for the case where F is a linear 

function of the parameters. They are given by an equation that is formally identical to Eq. 

(8). 

The present procedure can identify a minimum in the variance of the fit when it is 

"sufficiently close" (defined below) to the initial guess made for the values of the parameters. 

Because F is a nonlinear function of the parameters, this is only a local minimum; it is the 

best set of parameter values in some (undetermined) neighborhood around the point in 

parameter space designated by the vector .ft.. (The minimum could be global, but this cannot 

be determined directly from the procedure.) A different ( educated) initial guess could lead to 

a different set of parameter values that is also a least-squares solution, i.e., that gives a locally 

minimized variance for the fit. If the guess is not an educated one it is likely that the 

iterative process will not converge. 

To develop the expression for the increments to the initial (or current) values of the 

parameters use a Taylor series to represent F(x;; £!), rather than the Maclaurin series as 

above. The Taylor series fa developed for fixed x = x; about the point in parameter space 

whose coordinates are given by initial values of the parameters, g_; = (a f, a;, ... , a! ) 

. n 1 n n 

F (x;; Q.) = F (x;; it.') + :E F;,i t:..ai + 2 :E :E Fi,ik t:..ai t:..ak + . . . (2 I) 
i = l i=l k=l 

where F;,i is defined by Eq. (2), 

and 
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tia,- = a,- - aj 

The iterative process requires that the initial guess of the parameter values is 

sufficiently close to the values that optimize the fit that all of the increments tia,- are small 

compared to the second order derivatives F;,;,e and higher order derivatives. When this 

condition is met, the function F can be represented by the Taylor series truncated after the 

first order derivative. Using this representation and defining g; = /; - F(x;; E:.;), the 

residuals of the fit are 

,. 
R. ~ g; - I; F;.i tia,- (22) 

i=l 

This expression is formally identical to Eq. (4). The truncated Taylor series is referred to as 

the linearized representation of the function F, and the present procedure is known as a 

linearized inverse solution. We wish to minimize 

m 

¢, = I: R/ (23) 
i=l 

The extremum condition is 

.§j_ = ; F- • [ g - - ;, F- • t1a -] = 0 a L..i , ,, , L..i ,,, ' 
QI i=l i=l 

(24) 

Rearranging Eq. (24) yields the normal equations 

,. ,. ,. 
" " F- -F· 1e t1a • = " F- k g-L.J LJ 1 , J I, J L..J I, I (25a) 
i=l i=l i=l 

In matrix notation we have 

(25b) 

Inverting the square matrix (FTF) provides the values tia,-, which are incremental corrections 

to the starting values of the parameters aj : 

(26) 
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This result provides a basis for iteratively determining the parameters in a least-squares 

fit of a nonlinear function to data. First make a guess for the value of every parameter. 

Depending on the exact form of F(x; _q_) it can be useful to first make an (n -1 )th order 

polynomial fit to the data using Eq. (8) and use the values of the n coefficients of this fit for 

estimating the values of the n parameters of the nonlinear function F(x; _q_). 

Once the parameters a; have been chosen, generate the components of the vector 

(1-D array) g_ and of the matrix (2-D array) F. Equation (26) then provides then increments 

to be added to the values of the n parameters a; to produce the current set of values aJ. The 

improved set of parameters can now be used in F(x; _q_ c) to generate new components of g_ 

and F and thus the next increments of the parameters. 

At the end of each iteration check on the progress towards convergence: 

Is the variance of the fit sufficiently small? 

Are the fractional improvements to the values of the parameters significant? 

Is the variance of the fit changing significantly? 

Have there been more iterations than you guess it should take? 

Note that in this iterative procedure the variance of the fit does not always decrease 

from one iteration to the next. This is due to the approximation made in estimating the 

improvements to the values of the parameters. As a consequence, when checking the 

progress of the process towards convergence do not require that the variance of the fit 

decrease monotonically. 

For numerical stability the magnitudes of the elements of the matrix FTF need to be 

similar. The ratio of the largest to the smallest element of this matrix is called the condition 

number. One way the condition number can be reduced by multiplying the elements of a 

column of FTF by a scale factor. Because each column contains derivatives with respect one 

of the parameters of the fitting function, this scaling is useful when the derviatives with 



respect to each of the parameters of the function are consistently of widely differing 

magnitudes. When the elements of a column of the matrix FTF are multiplied by a scale 

factor, the magnitude of the increment of the parameter of the fitting function corresponding 

to that column of the matrix is divided by the same factor to keep the magnitude of the 

residual in Eq. (22) unchanged. Before adding the increment for that parameter, determined 

from Eq. (26), to the parameter values from the start of the iteration, multiply it by the scale 

factor. 

Depending on how good the initial guess of the values of the parameters was, continuing 

the iteration process can provide a set of parameters that minimizes the variance of the fit. 

Note that because of the approximation made in estimating corrections to the parameters, 

true convergence to a minimum of the variance of the fit is unlikely. The variance can often 

be reduced to a point beyond which it varies cyclically. If the variance for a particular 

iteration is acceptably small, the corresponding values of the parameters can be taken to be 

the least-squares solution. If it is not acceptable, one possibility is to extrapolate the values of 

the parameters (if a trend exists) to values corresponding to an acceptably small variance. 

Use these values as an initial guess to check the magnitude of the variance of the fit. 

The matrix methods above facilitate weighting the data to vary the proportionate 

influence of each datum on the fit. A common choice for the relative weights assigned to 

each datum is the uncertainty of the datum normalized by the largest uncertainty amongst the 

data. The importance of each datum is enhanced or diminished by dividing each residual in 

Eq. ( 4) or Eq. (22) by its weight before determining the optimum set of parameters values by 

the procedure described above. 

An alternative to the linearized inverse solution procedure is a direct search method 

that is available in the IMSL mathematics computer subroutines library. This method 

minimizes the variance of the fit by calculating the local gradient of the variance surface in 

parameter space and incrementing the values of one or more of the parameters to change the 
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vector g_ to a location that is further "downhill" on the variance surface. When the criterion 

for optimizing the fit is minimizing the variance of the fit, both methods can give the same set 

of converged parameters values. The linearized inverse procedure of simultaneous 

minimization with respect to all of the parameters has the advantage over searching down 

gradients of facilitating error propagation through the use of matrix methods. For details of 

weighting procedures and for error propagation procedures refer to the references. 

When the function F is highly nonlinear, or when the initial guess cannot be an 

educated one, the approximation of Eq. (22) will be inadequate. An alternative in these cases 

is to retain the second order term in the Taylor series for F [ Eq. (21) ]. With some 

mathematical equivocation the procedure can still be cast as a linearized inverse. 

Each iteration will now comprise two cycles. The first cycle is identical to a single 

iteration of the procedure as presented above. Let oa,. denote the increments of the 

parameter values obtained in the first cycle. These values reflect only the contribution of the 

first order term in the Taylor series representation of the fitting function F. Retaining the 

second order term in the Taylor series for F, approximate the residuals as 

• .. [ 1 .. l R- = /· - F(x ·. a')-" lla - F- • - -" F- .L oaL 1 I 1, _ LJ J 1,J 2 L.J 1 1Jt1. ~ 
i = l k=l 

(27) 

In the second cycle the term in brackets is treated as Fi,i was in the first cycle. In this cycle 

Eq. (26) provides values of the increments of the parameters llai. These values include a 

contribution of the second order term in the Taylor series representation of F. They are the 

increments to add to the values of the parameters from the start of the iteration. Test these 

improved parameter values for convergence of the fit, and, if necessary carry out another 

two-cycle iteration. 
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