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I. CRYSTAL STRUCTURE

For discussing interactions in condensed state in any meaningful way, the knowledge of crys­

tal structure is essential. So we begin with the structure of ruby. As the Cr concentration is in

general quite low ( < 1%) it is presumed that ruby has the same structure as a- Al2O3, Cr occupy­

ing an Al site at random. So we first discuss the structure of a- Al2O3• However, some experi­

ments have been done on concentrated ruby samples to discover whether occupied Cr site is

exactly Al or any different. We shall discuss about these experiments towards the end of the sec­

tion.

A. Ambient conditions

The structure of Al2O3 , called corundum structure, is based on a hexagonal close-packing of

anions with all cations in octahedral interstices.

Lattice:
0 0 

Rhombohedrally centered hexagonal; a= 4.7638 A ,  c = 13.0032 A (31 ° C)

Number of formula units per unit cell: 6

Space group: R3c (No. 167)

Atomic coordinates:

Al in 12 (c) : 0, 0, z with z = 0.341

0 in 18 (c) : x, 0, v. with x = 0.306

As both x and z are close to _!_, it is convenient to write3 
1

X = - + U ; U = -0.021
3 

1 
z= - + w 3 w = 0.014

Structure can also be referred to primitive rhombohedral cell with two formula units per cell
0 

and having the dimensions: aw = 5.128 A a : 55 ° 20' with atoms in special positions, Al in ( 4c)

and O in (6c). But we shall refer all through to hexagonal choice. Let us first consider array of
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oxygens which turns out to be very nearly hexagonal close packed. In Fig. 1, first oxygen is at site 

P. Operation of the triad axis and the center of symmetry gives the set 

± (x, o, ""; o, x,"" ; x x ¼) 

Therefore O atoms lie on layers at heights .!. and !_. Further adding onto this rhombohedral 
4 4 

2 1 1 1 2 2 centering operation (0,0,0; 3 , 3 , 3 ; 3 , 3 3 )+, we find identical layers, laterally displaced, at 

heights .!. and 1- above those at .!. and !_. Altogether there are six layers in the unit cell at 
3 3 3 4 

heights (2n + 1)/12; n = 0, 5. If µ had been zero, each layer would have formed a net of equila­

teral triangles and sequence of layers would have formed a hexagonally packed array. 

Now consider Al atoms. These lie on triad axis and remain unchanged by operation 3. The 

1
. . . 2 1 1 1 2 2+ 

att1ce centermg gives 0, 0, z; 3 , 
3

, 3 + z; 3 , 3 , 3 z. 

We see there are atoms now at sites Band O also, as shown in Fig. 1. Add on to this center 

of symmetry at A and a O glide gives respective pains as± (0, 0, z) and (0, 0, z; 0, 0, ~ + z). 

All symmetry operations of R3c operating on prototype atoms give following coordinates of all 

the atoms in unit cell. 

A. Positions of Atoms: 

Unit cell is rhombohedrally centered hexagonal with six formula units per cell. 

Atomic Coordinates 

Al in 12(c) : 0, 0, z with z = 0.347 = .!. + w; w = 0.014 
3 

0 in 18(c): x, 0, .!. with x = 0.306 = .!. + u; u = -0.027 
4 3 

Applying all symmetry operations of the cell (R3c) we get the following coordinates. (Height 
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in the last column is in c/12 units.) 

B. Oxygen: 

3 3 3 
1-x, 0, 4 ; 0, 1-x, 4; x, x, 4 

rhomohedral 

centering 

1 

1 7 2 2 
u - -· - - + 

' 3' 12' 3' 3 

1 1 2 

7 1 u -·-
' 12' 3 

1 2 

3 u, 3' 12; 3' -u, 12; u, 3 

2 2 11 1 11 1 
+ u - -· - u -· -u -

3 ' 3 ' 12 ' 3 ' ' 12 ' ' 3 

2 5 1 1 5 2 
-u, 3' - · - u, -·- + 

12' 3' 3 12' 3 

- 7 u, u, 12 

1 
+ u -

' 12 

11 - u -
' 12 

5 
u, u, 12 

So oxygen layers are at heights: 1, 3, 5, 7, 9, 11: Six layers in a unit cell. 

Aluminum: 

- Heights in brackets immediately after coordinates. 

Height 

3 

9 

7 

1 

11 

5 

Ave. Ht. 

1 
(4+ ) 

1 2 1 (4- ) 4 0, 0, 3 + w 3' 3' 3 
- w 

2 1 2 
(8+) 

2 
(8-) 8 

3' 3' 3 + w 0,0, 3 w 

1 2 
(0+ ) 

2 1 0 - - w - - -w (0-) 
3' 3' 3' 3' 

2 1 1 
(2+) 

1 
w (2 - ) 2 

3' 3' 
- + w 0, 0, 6 
6 

5 
+ w (10+ ) 

1 2 5 
w (10- ) 10 0, o, 6 3' 3' 6 
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6 

So there are six Al sheets at average heights: 0, 2, 4, 6, 8, 10. 

But unlike oxygen here Al atoms are shifted up or down from these average heights. 

If an Al atom moves up from its average height, it makes the triangle of oxygen atoms above 

it open up. The atom moving down leaves the triangle somewhat shrunk. This is shown in the 

attached figure, where displacement from ideal position is exaggerated (almost by a factor of 3) to 

show the effects clearly. 

Inspection shows that Al atoms lie in octahedral interstices of hexagonal packing. There are 

six interstices projecting at each of A, B, and C positions in unit cell, but only four of them are 

occupied by Al. After two consecutive fillings, one vacancy follows. Two empty interstices occur 

at different heights at A, B, and C. Al sites are staggered above and below the average heights. 

As after two adjacent occupancies and empty interstice exits, one can say that the two adjacent Al 

atoms are pushed apart due to Coulomb repulsion. Also note that the octahedral of adj acent Al 

have a face common, and that the common triangular face is smaller than the unshared parallel 

face. It is as if the Al atom moving away from ideal interstice position forces the oxygen triangle 

to open up somewhat and the lower triangle with respect to which it moves away shrinks some­

what as a compensation. This is shown in Fig. 2. If close packing was ideal, with regular 

octahedral then the lattice parameters c and a could both be expressed in terms of edge length l of 

the octahedron (see attached sheet 1) 

c = 6-Jfl a= \/31 

Actual axial ratio is close to this. If we write Ji = 1 + TJ then TJ = -0.0347. 

-5-



As is obvious, the Al-O interatomic distances (or bond lengths) are different for shared and 

unshared face. Referring to Fig. 2, the projection of shared face (1 triad axis) is l. + u (remember 
3 

V is -ve here). Distance of this face from Al is 

To determine the distance between Al and O in unshared face we calculate the projection 1 
triad axis as follows. Normal distance from triad axis (Al 2+) to ideal hexagonal position i on Fig. 

2. is l.a and i to {[is u. Angle between them is 120 ° . So projection is [l. + u 
2 

- l. u] a. 
3 9 3 

So Al-O unshruced = ·{ ! - ! u + u
2 + 8(1 + q)2 

[ I~ - w]' }'
1
' = 1.89A 

Edge lengths of the octahedron can be calculated similarly e.g. in the plane 1 triad axis 

lshruced = v3 [ ! + + = ; (1+ 3u) = 2.53 A 

lunshruced = v3 [ ! - ! • + •'] = 2.87 A 

For two kinds of uncleaved edges we note that they have the same vertical component i.e. 

c/6. Their magnitude can be shown to lie 
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To be able to understand the published literature better, let us also discuss about rhombohedral 

choice of unit cell. Fig. 3. shows the essential geometrical relation. Fig. 1 and 2 correspond to a 

small cell shown by heavy lines. So we see that in this new cell ar = b, = cr and a= /3 = 1 . We 

can easily show that (subscript h represents hexagonal) 

-+ 
Cr = -- -

3 

-+ -+ 
2bh Cfi 

-+-
3 3 

0 

g1vmg ar = 5.128 A 

(ch/a hr - 3 /2 
So Cos R =--= 

[ :: r + 3 

(1 + ,,)2 
- 3/15 

(1 + TJ)2 + 3/8 

In the present case, 1 = 55 • 20'. 

(1 + TJ)2 
- 0.1875 

(1 + TJ)2 + 0.375 

Compare this to the case if packing was ideally hexagonal, then 1 = 53 • 47'. 

So in the present case rhombohedral angle is comparatively opened up. 

As a small exercise let us also calculate the interbond (Al-O) angle for the octahedron assum­

ing u and w are vanishing. Then it can lie shown be the angle between the reactors ah/3 + c/12 

and b1J3 + c/12, and it is given by 

So if TJ = 0, the e0 h = 90 • giving regular octahedron. 

(1 + ,,)2 
- 1 

(1 + TJ)2 + 1 

So we see that in general if rhombohedral angle opens up, so also will be that of interaxial 

bands of approximate octahedron then. But we remember further that due to non vanishing u and 
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w, this angle is anyway bigger towards unshared face than the shared face. 

All through the discussion above we presumed ruby structure is the same as of a - Al2O3 , 

Cr3+ going exactly in the Al3+ site as a replacement. X-ray diffraction experiments on concen­

trated ruby samples e.g. 4% Cr [Moss and Newenham (1964)] and 5.2% Cr [McCauley and Gibbs 

(1972)], along ool have been carefully analyzed to settle this point. Moss and Newenham found 

0 

that Or is shifted towards the nearest Al along 0 3 axis by 0.060 A there by reducing Al-O shared 

distance and increasing Al-O unshared distance. McCauley and Gibbs conclude that the displace­

ment of Or is 0.03 but in the same direction. Further oxygen tends to make Al-O distances equal. 

We shall discuss the implications of this result when we discuss the validity of point ion model. 

We also note that if we assume Cr3+ into Al3+ site, then the nearest Al-oxygen interaction 

has almost octahedron geometry, but not quite. It may be reasonable to choose octahedral 

geometry as the basis in the zeroth approximation. This geometry is destroyed due to various 

types of distortions. One corrects for these distortions through perturbative corrections to results 

of octahedral geometry. We also note, that if Al or Cr - 0 6 were forming ideal octahedron then 

metal atoms are at the center of inversion. But actually Al ( and hence Or) is shifted away_ from 

this site. So the first effect of distortion is that octahedron does not have inversion symmetry. 

This has important implications for the oscillator strength of otherwise forbidden transitions. 

III. HIGH PRESSURE 

Investigations of any possible structural change of Al2 0 3 have been carried our with x-ray 

diffraction experiments with diamond anvil cells. d'Amour et al. [1978], have studied the structure 

of (dilute, Cr < 0.05%) ruby up to 90 kbars with single crystal x-ray diffraction using diamond 

anvil cell. Their structure refinement shows no change in the fractional coordinates of Al or 0. 

Rhombohedral angle remains constant within error limits. So the average behavior of metal ions is 

that its environment changes only by a uniform contraction of oxygen ions around the metal ion as 

the pressure increases. Due to the dilute concentrations of Or it cannot be decided whether Cr 
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shifts somewhat compared to the Al site it is substitutive. 

Crystal structure of ruby under hydrostatic compression has also been studied by Finger and 

Hazen [1978] by single crystal x-ray diffraction up to 46 kbar. Their uncertainties in the parame­

ters are reduced by a factor of 3-4 compared to that of d'Amour et al. They observe that the ruby 

is about 11% more compressible along c-axis than a-axis with respective compressibilities [1.36 and 

1.22] x 10-• kbar-1. This anistrophy is consistent with the value of ~ 12% expected from the 

grouped room temperature compliance constants of Simmon and Wang [ ]. Sato and Akimot 

[1979] have used cubic anvil press and have studied ruby by diffraction up to 120 kbar and have 

confirmed isotropic compression as observed by d'Amour et al. 

The data of d'Amour et al. have been reanalyzed by Kottke and Williams [1983] to show that 

the anisotropy of compressibility in their data is concealed by large error bars. A least square fit­

ting shows that the anisotropy is consistent with the result of Finger and Hazen. As a consequence 

of this anisotropy the rhombohedral angle of ruby increases as daR/ dP = 5 x 10 - 4 deg/ kbar 

under hydrostatic pressure. This implies a small change in u and w values of oxygen and Al 

atoms. 

To summarize the results of hydrostatic experiments we note that to a close approximation 

on the compression of ruby may be represented by a simple scaling or room temperature struct ure. 

So to the first order all the distances compress equally and all interatomic angles remain 

unchanged. But for a more quantitative comparison an anisotropy of ~ 11 % of compressibility 

must be taken into account. 

A. Nature of deformations 

We have noted above that under hydrostatic conditions we get more or less uniform compres­

sion of unit cell. We shall here, for the purpose of later discussion, now discuss the nature of defor­

mations under uniaxial loading typical of shock experiments. As our basic unit of reference will be 

the octahedron we shall therefore specify the nature of distortion of the octahedron under shock 
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loading in a few cases. Without going into the detail here, we give below the operational definition 

of deformation in terms of transformation properties of strain under rotation about an axis . (The 

reason of these choices will become clear when we discuss the irreducible representation of 

octahedral group) 

Deformation Transformation Strain 

Uniform x2 + y2 + z2 Cu+ c,, + Czz 

C 
Tetragonal 2z2 - x2 - y2 2Czz - Czz - Xyy 

r_ 
Rhombic (i)* x2 - y2 lu - Cyy 

Rhombic (ii)t yz Cyz 

Rhombic (iii) zx Czz 

Rhombic (iv) xy Czy 

Trigonal++ (xy + yz + xz)/ V3 ( Czy + Cyz + Czz)/ V3 

Trigonal distortion++ can be defined only if Czy = Cyz = Czz· This gives trigonal distort ion 

around the trigonal axis of the octahedron. Physically this means the stretching of unit cell along 

three-fold axis. Fig. 2. results if the top triangle of atoms (3) is rotated clockwise and lower trian­

gle (1) is rotated counter-clockwise. And so bringing about trigonal distortion. So one can say in 

ruby octahedron has a trigonal distortion. 

For further discussion we make a choice of axis m 

terms of octahedron projected on three-fold axis. (xyz) refer 

to octahedron: the normal choice (XYZ) is the choice which 

is convenient for trigonal geometry. Here Z is along [111] of 

• Rhombic distortions preserving mirror symmetry with mirror passage through c or y axis. 
t Preserves mirror symmetry through vertical plane y = z or y = - z; Similarly xy preserves mirror symmet1y ;i.cros,; 

plane z = yor c = - y. 
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octahedron Y is along [120] and X is along [112]. This new 

choice is also orthogonal and right handed. Orthonormal set 

lS 

A 1 ( A A A) X= - -x - y + 2z 
\/6 

A 1 (A A) Y= - X - y 
\/2 
1 (A A A) Z=-x + YtZ 

V3 

So the transformation matrix is 

1 - -- -
\/6 

X = Tx 
1 

\/2 
1 

V3 

Inverse of the matrix is just the transpose of T. 

vT 
0 
1 

V3 

Let us analyze the compression along c-axis ruby. So this strain in terms of [X] axis can be 

written as 

[
o o o] 0 0 0 
0 0 0 

So in terms of octahedral axis 

[

e/ 3 e /3 e / 31 
[e]oct = r-1[e]trigT = e/ 3 e / 3 e / 3 J 

e/ 3 e/ 3 e / 3 

So in terms of octahedron we have 
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(i) Uniform strain= e 

(ii) Trigonal strain = e/v'3 

So a compression along c-axis implies a uniform compression and a trigonal distortion of 

octahedron. 

Let us also discuss a strain caused by an impact at a face 1 a axis of ruby. This is represen­

tative of an experiment with a x-cut or a cut crystal. Then it is convenient to start with (x'y ') 

coordinate system to get strain in (XY) before transforming 

it to octahedral basis. 

It is easy to prove that 

[
v'3 /2 -1)2 l 

1/2 v'3/2 

So the strain in XYZ from initial 

[
e o ol 0 0 0 
0 0 0 

is x'y'z' can be worked out as 

r

+V3/2 /4e 

~1 [~ 0 

gJ 
r

V3/2 Jf2 ~] -1/2 /2 0 -1/2 /2 
0 0 0 0 0 

3 -e 
4 

v'3/4e v'3 0 
--e e/4 0 

4 0 0 
0 

It gives + e /2 
[

0~ 0 
-e/2 
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S •r . e e o um1orm compression = - + - = e 
2 2 

Tetragonal distortion= e/2 

Trigonal distortion = 0 

Rhombic distortion: c11z : i.e. shear preserving a mirror at y = z or y : -z 

So this gives a combination of tetragonal and rhombic distortion. 

For the purpose of completeness let us also study a y-cut xl also. Now the face 1 Y axis . So 

compression along a-axis "a-cut crystal". Initial strain is 

[
o o o] 0 0 0 
0 0 0 

Then when transformed back to octahedral basis becomes 

Uniform compression: e 

Tetragonal distortion: -e 

Trigonal distortion = 0 

Rhombic distortion = Czv = -e/2; This shear as pointed out above retains the mirror x=y. Of the 

rhombohedron. 
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IV. POINT ION MODEL 

We know that the degeneracy of an eigenvalue is closely related to the symmetry of the ham­

iltonian describing the system. As the symmetry of the system is lowered the degeneracy is 

removed. In the extreme case when the system loses all spatial symmetry, the eigenvalues have 

only Kramer's degeneracy which relates to tune reversal invariance. 

In the present case we are interested in the electronic eigenstates of the Cr atom embedded in 

an Al20 3 structure. As we discussed above a Cr occupies an Al site at random. Because Cr is an 

impurity atom, it does not have any translational variance characteristics of space groups. And 

because of disordered occupancy, it has no constraints of even the point group of the lattice. The 

only symmetry a Cr atom sees is the local symmetry. It is not always easy to decouple electronic 

states from vibrational states under such conditions. In certain circumstances, this coupling has 

observable effects like John-Teller distortions.* But to begin with we presume that adiabatic 

approximation works well. So for the electronic states of Cr the relevant symmetry is the sym­

metry of interaction potential with the surrounding atoms. If the packing of oxygens and Al was 

ideal in the sense discussed in the la.st section, then for a Cr atom occupying an Al site the local 

symmetry would be octahedral - Cr at the center with six oxygens placed on octahedron ends so 

the Cr atom, which has the full rotational symmetry of the space when isolated, has only the 

octahedral symmetry now in the best of circumstances. We know that due to actual displacements 

of atoms even the octahedral symmetry is removed and, therefore, the related degeneracy is further 

lifted. Subjecting it to external strains removed the degeneracy further. Qualitatively we see from 

the interbond angles etc. that though the octahedral symmetry is removed the symmetry is still a 

close one. So generally one treats the effects of distortions in a perturbative calculation. So for all 

the subsequent discussion we retain the octahedral symmetry and states as the basis which are 

weakly changed because of local distortions. This turns out to be a reasonable approximation. 

Outer electron configuration for a Cr atom is 3d5 4s '. If we presume that Cr loses outermost 

three electrons when it replaces Al3+, it retains essentially three electrons in the 3d orbitals. The 
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extent by which the three donated electrons have been taken away by oxygen atoms is of impor­

tance for calculating the magnitudes of potential. The simplest approximation is that the donated 

electrons are completely taken away by oxygens so in this approximation a Cr3+ atom is sur­

rounded by six oxygens 0 2- . ff this polarization is complete and the extent of orbital extension in 

the space is small compared to Cr-O distances then one can assume that the charges are just sit­

ting at the centers as point charges. As shown in Fig. 4, this approximation is called "point ion 

model H. Before discussing the validity of this model, we shall obtain all the results in this set of 

approximations. For all spectroscopic experiments of ruby we require to know the ground state and 

various excited states of the left over outermost three elec-

trons in 3d orbitals of Cr. We shall obtain these states in 

the point ion approximation. Before dealing with three elec-

trons, it is essential to obtain results for single electrons. 

A. Single d electron in the point ion approximation: 

1. A d electron is a spherical potential. 

It is well known that for an electron in the spherical symmetric potential the states 

cpnim(t) = Rn1(v) Ylm(O,c/>) (m = l, 1-1, • • • - 1) 

for a given nil form the basis of (21+1) dimensional irreducible representation D(l) of the continuous 

rotation group (ad electron, therefore, has five-fold degeneracy). As all other symmetry groups of 

our interest are subgroups of this group, let us obtain irreducible representation and the character 

of this group. Let us consider a rotation Ra, by a around z axis. Then representation matrix 

( 

Rac/>nim = ~ c/>n1m·D(/)m.m 
m

0

= - l 

And using the relation Ra Yim(O, 4>) = e-ima Yim(O, 4>), we get 

0 

0 
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and so the character 

I 
x1(a) = I; e-/ma = Sin(l+1/2)a 

Sina/2 m = -l 

2. Single electron in a cubic field: 

The hamiltonian for a single electron in cubic field represented in Fig. 4. can be written as 

-h,2 _2 
H = --v + U(r) + Ne(r) 

2m 

Where U(r) is the nuclear potential + average potential due to all other core electrons, and Vc(r) 

is the potential due to surrounding nearest six oxygen atoms. For convenience we shall ignore the 

effects of electron-electron (=l-l) interaction and pressure U(r) is a spherically symmetric one elec­

tron attractive potential - say due to nucleus only. Vc(r') can be written as 

(2) 

-+ 
R. are the position vectors of point charges of magnitude Ze in Eq. 2 1s to be thought of as a 

parameter, in case the charge transfer is not complete. 

Because we are interested in the localized electron around Cr it is advisable to have a multi­

ple expansion of Eq. 2. We know 

1 
-+ -+ 

I Ri - r I 

-+ -+ 
r < and r> represent smaller and greater of all re and wi 1s angle between Rillr·Pk 1s Legendre 

polynomial. Therefore 

6 
00 1[r]" Vc(r) = Ze2 I; I; - - Pk( Cos w.) 

l= l k =O a a 

Using additional theorem of spherical harmonics 

4,r k 
P1iCos wi) = -- I; Ykm(8, ¢) Y:m(Oi, <Pi) 

2k+l m=-k 

(0, ¢) and {Oi, 
-+ -+ 

'Pi) represent polar coordinates of r and Ri. Now v;. as a function of electron coor-

dinate r is given as 
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00 ,. 

Vc(r') = ~ ~ rlcqlcmc(~l(0, ¢>) (3)* 
k=O m=-k 

where 

q.,. = [ (2::1J' ~~j?;m(8,, ¢,) (4) 

gives the multiple moments of ionic charges and 

o(~I = [ 2::1 r Y,m(8, ¢) (5) 

operates only an electron coordinates multiple moments for a octahedron in Fig. 4 can be calcu-

lated explicitly as (81, ¢1), (02 , ¢>2 ) • • • etc are(..!., 0), (..!., ..!.). Then 
2 2 2 

q.km = 0 

where 01cmt is associated Legendre function and is defined by Y1cm(0, ¢>) = ~ e,.mztmrp 
y 2,r 

Substituting the explicit form of 01cm in above equations (Appendix 1) we get 

V,[,') - 6:,' + 72~,: ,. { q•1 ( 8, ¢) + ( t4 )'I' [ c1•1 (8, ¢) + o<_!l l} 
+ 3f.~',, { q,1 (8, ¢) - ( ;

2 
0111 [ c\'i (8, ¢) + d!l(0, ¢)]} 

+ .. . 

(6) 

First term of Eq. (6) is just a zeroshift of energy and therefore can be dropped. The other 

terms bring about splitting as is given below. Any field which has an angular dependence of char­

acters of Eq. (6) is called a cubic field. So as to see how the cubic field removes the degeneracy for 

a given 'nl' let us assume 

* Compare Eq. (3-5) with Eq. (6.1-6.3) of Jackson. 
t For explicit forms see Ta.ble I of Suga.no a.nd Ta.na.be. 
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Their matrix element of interest are 

<t/>ntm I Ve I t/>n'(m'> = f ar't/>Jm(r) VeCrJt/>n1·m·CrJ 

Which requires values of integrals like 

fdtj> dO SinO Yi·m·(0¢)d~l(04>) y('m"(04>) = c"((m', ('m") 

Eq. (7a) is nonvanishing rff 

, 
m = m+ m 

It can also be shown that for C"(lm, ( m ') to be nonvanishing it is necessary that 

k + l + (=even 

I l - ( I ::;k::; I l + ( I 

(7a) 

(76) 

(8) 

(9) 

The values of some useful C"(lm, ( m ' ) is given in Table 1.2 of Sugano and Tanabe. From Eq. 

(8) and Eq. (9) along with Eq. (6) it follows that matrix elements of V sub e in p states are zero 

and so cubic field does not split p states. From Eq. (9) it follows that even for the d states, r
6 

terms in Eq. (6) given vanishing contributions. 

For other matrix elements for n=n' and I=( =2 we have (see e.g. Appendix 1 for 106) 

where 

where 

<t/>n d±2 I Ve I t/>n d+-2> = Dq 

<t/>n d±l I Ve I t/>n d±l> = -4Dq 

<t/>ndo I Ve I <Pndo > = 6Dq 

<<Pnd±2 I Ve I <Pn d±2> = 5Dq 

(10a) 

(106) 

(10c) 

( 11) 

(12) 

(13) 

So for the 5d states, in the degenerate perturbation theory, we get the following secular equation 

cg+Dq-c 0 0 0 5Dq 
0 cg - 4Dq-c 0 0 0 
0 0 cg-6Dq-c 0 0 = 0, (14) 

0 
0 0 0 cg - 4Dq-c 

0 
5dq 0 0 cg+Dq-c 

0 



where 

€g = €3 + (6Ze2/a), 

and £3 is the energy of the 3d-state of the atom. The basis of the secular matrix for Eq. [14] are 

arranged in the order, m=2, 1, O, -1, -2. As easily seen, Eq. [14] splits into three one-dimensional 

and one two-dimensional determinantal equations and the energy eigenvalues are obtained as 

€(1) =€g+6Dq, 

€(2l=€g-4Dq, 

(15a) 

(15b) 

where €(l) and €(2) are, respectively, doubly and triply degenerate. It is customary to call the states 

with energies €(l) and €(2), the eg and t2g states, respectively, and to denote f(l) t:(2
) as f( e9) and 

e(t2g), respectively. The reason why these notations are used will be explained later. This result 

shows that, by the effect of the point-charges, the 3d-level of the atom, which has five-fold degen­

eracy, is split into doubly 

FIG. 5: Splitting of the 3d-level of a hydrogen atom in a cubic field. 

and triply degenerate levels as indicated in Fig. 5. The magnitude of the splitting is given as 

(16) 

Diagonalizing the secular matrix, we can also obtain the wavefunctions associated with the split 

levels as follows: 



cf,340 , {cf,342 + cf,34-2)/ J2, 
cp341 , </>3d-1 , {cf,342 - cp34-2)/ V2, 

for the fg-state, 

for the t2g-state. 

The functions for the t2g-state are not real, but can be made real by applying a unitary 

transformation within the subspace belonging to the t 2g-state: Any unitary transformation within 

a degenerate subspace does not change any physical situation. Let the unitary transformation be 

defined as 

where ¢,/s are 

c/>1 = <p341, <pz = <p3d-1, cp3 = ('P3d2 - cp34_z)/ .Ji: 
By using the unitary transformation matrix, 

i 1 

v'2 v'2 0 

u i 1 0 

v'2 v'2 
0 0 - , 

real wavefunctions for the t2g-state are obtained as follows: 

c/>e = (i/ V2)(cp341 + cp3d - 1) = (15/41r) 1l 2 Sin 0 Cos 0 Sin¢, R3d(r) 

= (15/41r) 112(yz/r 2)R34(r), 

cf>,,, = -(1\/'2)(¢,341 - cp34...c1) = (15/41r) 1l 2Sin 0 Cos 0 Cos 4> R 3d(r) 

= (14/41r) 112(zx/r 2)R34(r), 

cf,~ = -(i/ V2)(¢,3d2 - 'P3d-2) = (15/41r) 112Sin2 0 Cos q> sin¢, R34(r) 

= (15/41r) 112(xy/r 2)R34(r). 

Similarly, the wavefunctions for the eg-state may be written as follows: 

cf,.,= cf,340 = (5/161r) 112 (3Cos2 0-l)R3d(r) 

= (5/161r) 112 [(3z2 
- r 2)/r 2]R34(r), 

c/>v = (4>3d2 + <p3d-2)! V2 = (15/161r) 1l 2Sin2 0 Cos 2¢, R34(r) 

= (15/161r) 1l 2 [(x2 
- y2)/r 2]R34(r). 

3. Group theoretical classification: 

(17a) 

(176) 

(17c) 

(18a) 

(186) 

We have pointed out earlier that the symmetry of the system contains the information about 

the degeneracy of eigenstates. It follows that as the symmetry is lowered the degeneracy is lifted . 
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New non-degenerate eigenstates can be written in terms of higher symmetry states if the lower 

symmetry state is a subgroup. In this way one way systematically lower the symmetry. In the 

case of the ruby problem one starts with Cr atom (bell Cr3+ ion) in free space. Then is it embed­

ded into a site otherwise occupied by AL It is presumed that, to begin with, the local symmetry 

around Cr is that of an ideal octahedron. So the l=2, degenerate d states of free atom are split 

into three t2g states and two eg states as shown above . In fact that this splitting emerges purely 

some symmetry arguments can be shown more explicitly. To be able to do so, and for latter use 

we give here a few results of octahedral group and relating to character tables. 

An octahedral group consists of: 604 (six four-fold axes), 3C24 
: (three elements describe 

A A 

rotation of 180 • around four-fold axis), 803 , 602 and identity E. So the group has 24 elements -

split up in five classes. Then using the fact that the total number of irreducible representation (= 

IR's) is equal to no. of classes and sum of squares of dimensionality of IR's = order of group, it fol­

lows for O group that 

So octahedral group has two one-dimensional, one two-dimensional and, two three-dimensional 

representations. 

Two more results which concern the characters of IR's are given below without proof. 

(i) Orthagnality relation of first row for characters 

E xa(R)X.B(R) * 
R 

where his no. of element (= order) of group. 

(ii) Orthagnality relation of second row of characters 

I; x(.1:) ( R 1)X(I:) ( R2) * 
K 

A 

where hR1 is number of elements in the class of R 1 . 
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Using these two relations and transformation properties of set of knowns, one can write char­

acter tables. A character table for O group is given below in Table I for any future use. 

TABLE I: Character table of O - group. 

Irreducible Rep. Characters 

Mullilken Bethae E 60, 302 
• 803 602 

Al fl 1 1 1 1 1 

Az r2 1 -1 1 1 -1 

E r3 2 0 2 -1 0 

Tl r, 3 1 -1 0 -1 

Tz rs 3 -1 -1 0 0 

Now let us show that the five degenerate states of free Cr split up in presence of a cubic field . 

In the example we showed that the character ..:tj~) for an arbitrary rotation a in free space is 

~ = Sin(l + 1/2)a 
(a) Sina/2 

Now we know that O is a subgroup of continuous rotation group 

Let us assume that n(/) of continuous group is reduced to irreducible representations D(k) of 

group as 

D(I) = :E C(kl)D(k) 
J,; 

C(kl) represents the number of lines, n(k) appears in D(ll. Then relation between characters is 

xUl(R) = :E c(kl)xUl(R)XJ,;(R) 
J,; 

So C(kl) = il:EhaX(>:l(R)* 
R 

we substitute a characterstics of R of O group in Eq. (1) so 

(21) 

(22) 



xUl(c.) = (-1)1+2 for even l 

= (-1)1+2(1-1) for odd l 

x(ll(~) = x1(02) = X 1(a = n) = (-1)1 

xUl(C3)=1 for l=3n 

= 0 for l = 3n 

= -1 for l = 3n + 2; where n 1s an integer. 

So substituting in Eq. 22 we get 

C(A,2) = O,C(A 22) = 0 

C(E2) = C(T12) = O and C(T22) = 1 

This gives 

So five degenerate states split into a triple T2g and a doublet E2g states. 

In this way one can in general work out splitting up of energy levels with various l's in a 

cubic field (or the field of appropriate symmetry). Typical results are e.g. 

Splitting in a cubic field 

0 s Al 

1 p Tl 

2 D E+ T2 

3 F A2 +Tl+ T2 

4 G A1 + E + T 1 + T2 

5 H E + 2T1 + T2 

6 I A1 + A2 + E + Tl + 2T 2 



Let us study a few more examples of uplifting of degeneracy due to lower symmetry. 

(i) Cubic to tetragonal D._: 

A 

D._ is _! ~ ~ with five classes E, 20._, ct 202, 202 and therefore has five IR's termed as 

A 1 , A 2 , B 1 , B 2, E. Only E being two-dimensional using the character table given in the 

appendix. It can be shown 

C(A1, E) = 1 

C(A2, E) = 0 

Implying that 

and 

D(E) = D(A 1) + D(Bi) 

D( Ti) = D(Bi) + D(E) 

Splitting is shown schematically belowt 

C(A1, T2) = 0 

C(A2, T2) = 0 

C(B1, T2) = 0 

C(B2, T2) = 1 

C(E, T2) = 1 

t The index g with representation Eq. a.nd Ti, represents the even parity of the basic functions 
consistent of d orbitals. In genera.I, in group theory, one ca.n define a direct product of two group rff 
they commute with each other. Then irreducible representations a.re the equa.l to direct product of 
respective IR's. The representation with odd basis a.re suffixed with u as A;., etc. Direct product of 0 
group a.nd diversion group = on group with representation A 11, A 21, E,, T1,, Tig and 
A 1., Ai., E., Ti. Romana.nd Ti.-
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FIG. 6: Spherical cubic tetragonal. 

(ii) Cubic to trigonal 0 3v (3m) 

it is easy to prove that: 

C(A1, E) = C(Az, E) = 0 

C(A1, T2) = 1, C(A 2, T2) = 0; C(E1, T2) = 1 

So E representation does not split but T 2 splits into A 1 and E. So 

vtEJ = vtEJ 

D(Tz) = D(Ai) + v(E) 

(iii) Cubic to C 3 

C(A, E) = 0 = > E states does not split 

C(A, T2) = 1, C(E, T2) = 1 

But because two E rep of C 3 are just complex conjugates of each other - they are degen­

erate (reminiscent of time reversal) so only T2 orbitals --t E + A. 

Therefore, if the local symmetry around Cr is 0 3 or 0 30 then we are left with essentially fol­

lowing picture for one electron case. 

-25-



FIG. 7: Spherical cubic G3 or G3v 

At this stage we turn back to section 1 where we discussed deformations of octahedron in terms of 

various directions of shock loading. Firstly, we note that the six independent strain parameters of 

a body can be conveniently chosen to be consistent with the other classifications. In case of an 

octahedral symmetry we realized that the basic functions of A 1g, Eg and T2g irreducible represen­

tations provide functions which have transformation properties similar to strain tensor. In fact, the 

operational definition of strain is picked up from Eqs. 17 and 18 and the basis of A lg going as 

x2 + y2 z2 . Underlying this, is the hope that the changes in the potential at the site of Cr are pro­

portional to the strains of octahedron Within this approximation it is transparent from the above 

discussion - how a particular type of deformation can change the local symmetry and therefore 

lift a degeneracy. 

We know from ambient structure that the symmetry of Cr site is G3 or at least G 3 v which 

characteristic splitting is shown in Fig. 7. Now, if the system lowers its symmetry - say by a 

shock on the cut face, with consequent symmetry at Cr as 1 or m, then we know that even Eg 

states will open up. This observation is important - as we shall argue later that splitting of Eg 

states resulting from T2g is related to splitting of Ri-R2 lines. At ambient conditions, it is believed 

that R1-R2 splitting comes due to simultaneous existence of trigonal field and spin orbit coupling 

and its change essentially requires a change in either of these, as for example assumed by Dricka­

mer ( ) or Schallow ( ). In view of the above discussion, it seems that by a shock on a cut, 

the splitting changes purely from symmetry considerations - and it is essentially a first order 
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effect compared to second order coupling of trigonal and spin orbit coupling. 

Mathematical nature of low symmetry fields can be derived analytically. But this requires 

the knowledge of how direct products of representations split into IR's, which we discuss in the 

next section. An overview of low symmetry fields is given in Appendix A-2. 
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