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The Murnaghan equation has long been used to fit high pressure isothermic condensed 

materials. It is a direct consequence of the assumption that isothermal bulk modulus, K, increases 

linearly with pressure, P 

K = - v[ ;; L = K, + 7P (1) 

K O and I may be functions of temperature, T. Direct integration gives 

(2) 

where p = 1/V= density and K 0p0, P0 refer to ambient conditions. K 0, 1 , and Po will, in gen­

eral, vary with temperature, so an equation of state consists of Eq. (2) with specification of the 

temperature dependence of K 0, 1 , and Po· 

A least square procedure can be used to arrive at optimum values for K 0, p0, 1 provided a 

reasonable estimate of the correct values can be made. 

Since we are interested in representations at high pressure, P 0, which is normally one atmo­

sphere, can be neglected. To simplify the notation, rewrite Eq. (2) as 

(3) 

with K = K 0 (l + €), 1 = 1o(l + µ), r = r0 (l + 2), Eq. (3) can be expanded in a power series: 

P(p; K, 7, ,) = P[p; K,, %, ,,] + ;; L K,e+ ~: L 7,µ 

+ ~:], , , V + higher order terms. (4) 

Since we expect K 0t, 10µ and V0 Vto be small, higher order terms can be neglected. 

With K0, 10 and r O given, determination of€, µ, Vis a straight forward problem in linear 

regression. Let 
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y = P - P0 (5) 

Then Eq. ( 4) becomes 

y =a€ + bµ + cV (6) 

and we proceeded to minimize the square of the deviation of calculated points from several points 

by adjusting f, µ , V: 

S = E ( a, f + biµ + e, V - Yi)2 

i 

as = 2 [ EE a; + µE aibi + VE aiCi - E aiYi] = 0 
of 

!! = 2 [ EE a;bi + µE b7 + VE bici - E biYi] = 0 

!t = 2 [ EE aici + µE b;ci + VE c7 - E ciYi] =f 0 (7) 

Here all sums are over the set of observed points P~ Pi and the ai, bi, ci are calculated from Eq. 

(5). 

A straightforward solution of Eq. (7) gives 

where 

Bz01 - B1C2 
f=----­

B2A1 - BiA2 

01 - Ail 
µ= 

B1 

A1 = SsS1 - S3S2 

B1 = SsS2 - S 3 S 4 

-%-

(8) 



0 1 = SsR1 - SsR2 

A2 = s6s2 - S5S3 

B2 = s6s._ - ~ 

02 = S6R2 - SsRs 

S2 = E aibi 

S4 = E b1 

S3 = Eaici 

S5 = E bjCj 

Si= E c1 

R1 = EaiYi 

R2 = E biYi 

Rs= E ciYi 

(9) 

(10) 

with E, µ, V from Eq. (8), new values of K, gamma, r can be calculated and the process 

repeated i.e. 

K 0 18 replaced by K 0 (l + E) 

10 1s replaced by 1 0 (1 + µ) 

r O 18 replaced by r 0 (1 + V) etc. (11) 

Unfortunately, this procedure usually does not emerge; it can be made to do so by a simple 

artifice. 

Add an arbitrary parameter to the diagonal elements of the S-matrix in Eq. (10) before the 

A's, B's, and O's of Eq. (9) are calculated. 

S1 = S1(1 + A) 

S._ = S4(1 + A) 

S5 = S5(1 + A) 

A = 10 is a good value. 

Calculate the square deviation 

using the original value of K, 1 , r and the corrected values from Eq. (11). If D2 is smaller than 

the original value, replace A by A/10 and repeat the calculation. If D 2 has increased, replace A by 

lOA and repeat. When the change in D2 becomes very small, say 10-5, set A = 0 and calculate the 

final values of K, ,, r. 
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The above procedure has been programmed for the H/P and it will be found m 

/users/ged/EOS/Hexane as "Murnaghan.c ... 

It takes its input from a file "murn_in" and writes to a file "murn_out". 

The input file contains the following information: 

No. of data pairs selection parameter K 0 10 V0 = 1/p O ,\ 

Vi= 1/ p; P; 

The executable version is stored as " Mur.out". It can be read by typing 

Mur_out (OR) 

The selection parameter (Mt) provides the following options 

Mt = 1 E, µ, V are all adjusted 

Mt= 2 K 0 is fixed; µ and V are adjusted 

Mt= 3 K 0 , Po are · adjusted 

Mt = 4 1 is fixed; E and V are adjusted. 

A copy of the program is attached. 
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/* reference: Internal Report No. ,"Program for Fitting P,V Data to a 
Murnaghan Equation."*/ 

#include <stdio.h> 
#include <math.h> 
FILE *file, *fopen(); 
double fchisq(),xp[lOO],yp[lOOJ; 
int N; 
main() 
{ 

double q,a,b,c, d,s[7],x,y,r[7],u,err; 
int i,j, ii,NT,MT,N,M,istart; 
double xr,yr,mr,kr,dx,xmax,yo,Ko,Go,vo,ao,bo,z,lambda; 
double al,a2,bl,b2,cl,c2,ep,mu,nu,K,v,G,chisq,ochisq; 
file.= fopen("murn_in","r"}; 

fscanf(f1le,"%d%d%lf%lf%lf%lf",&N,&MT,&xr,&yr,&mr,&kr}; 
KO= xr;GO = yr;vo = mr;lambda = kr; 

printf("KO,GO,vO,lambda %10.4f%10.4f%10 . 4f%10.4f\n",KO,GO,v0,lambda); 
printf("N = %d\n",N); 

for(i=O;i<N;i++) 
{ 

fscanf(file,"%lf%lf",&xp[i],&yp[i]); 
/* printf("\t%10.5f\t\t%10.5f\n",xp[i] ,yp[i]); */ 
} 
close(file); 
file= fopen( 11murn_out11

,
11w11

); 

fprintf(file,"KO,GO,vO,lambda %10.4f\t%10.4f\t%10 . 4f%10.4f\n",KO,GO, 
vO,lambda); 
fprintf(file,"N %d\n",N); 
fprintf(file,"\txp\t\typ\n"); 
for( i=O; i<N; i ++) fprintf (file, "\t%10 . 5f\t\t%10. 5f\n", xp( i] , yp( i]) ; 
fchisq(N,KO,GO,vO,&ochisq); 
fprintf(file,"ochisq =\t%15.5e\n",ochisq); 

for(j=O;j<lOO;j++) 
{ 

for(i=O;i<7;i++) {s[i] = O.O;r[i] = O.O;} 
s[O] = N; 
for(i=O;i<N;i++) 
{ 

if(xp[i] < l.Oe-10) continue; 
X = vO/xp[i]; 
yo= KO*(pow(x,GO) - 1.)/GO; 
ao = KO*log(x) *pow(x,GO) - yo; 
bO = -KO *pow(x,GO); 
y = yp(i] - yo; 

/* printf (" i, x, y, s(l] %4d%10. 5f%10. 5f%10. 5f\n", i, x, y, s[ l]); */ 
/*printf("i,x,y,s[l] %4d%10.5f%10.5f%10.5f\n",i,x,y,s[l]); */ 

s(l] += yO*yO; 
s(2] += aO*yO; 
s(3] += bO*yO; 
s[4] += aO*aO; 
s[5] += aO*bO; 
s(6] += bO*bO; 
r(l] += yO*y; 
r[2] += aO*y; 
r[3] += bO*y; 

} 
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I* 

s[l] = s[l] * (1. +lambda); 
s[4] = s[4] * (1. +lambda); 
s[6] = s[6] * (1. +lambda); 
for(i=O;i<7;i++) fprintf(file,"s[%4d] = %15.5e\n",i,s[i]); 
for(i=O;i<4;i++) fprintf(file,"r[%4d] = %15.5e\n",i,r[i]); */ 
al= s[l)*s[5] - s[3J*s[2J; 
bl= s[5J*s[2) - s[3)*s[4); 
cl= s[5J*r[l) - s[3)*r[2J; 
a2 = s[6)*s[2] - s[5)*s[3J; 
b2 = s[6J*s[4] - s[5J*s[5J; 
c2 = s[6J*r[2] - s[5J*r[3J; 
switch(MT) 
{ 

case 1: 
ep = (b2*Cl - bl*c2)/(b2*al - bl*a2); 
mu= (cl - al*ep)/bl; 
nu= (r[l] - s[l)*ep - s[2) *mu)/s[3J; 
break; 

case 2: 
ep = O.; 
mu= c2/b2; 
nu= (r[2) - s[4]*mu)/s[5J; 
break; 

case 3: 
ep = o.; 
nu = o.; 
mu= r[2)/s[4]; 
break; 

case 4: 
ep = (r[l)*s[6) - r(3)*s[3])/(s[l)*s[6] - s[3J*s[3)); 
mu = o.; 
nu= (r(l] - s[l)*ep)/s[3J; 
} 
/* fprintf(file,"ep = %20.Ge\n",ep); 
fprintf(file,"mu = %20.Ge\n",mu); 
fprintf(file,"nu = %20.Ge\n",nu); 
fprintf(file,"al,bl,cl%15.5e\t%15 . 5e\t%15.5e\t\n",al,bl,cl); 
fprintf(file,"a2,b2,c2%15.5e\t%15.5e\t%15.5e\t\n",a2,b2,c2) ;*/ 
K =KO+ ep*KO; 
G =GO+ mu*GO; 
v = v0/(1. +nu); 
fchisq(N,K,G,v,&chisq); 
if(larnbda = O.) break; 
fprintf(file,"lambda %f\n",larnbda); 
fprintf(file,"K,G,v,chisq %15.5f%15 . 5f%15.5f%15. 5f\n" , K,G,v,chisq) ; 
if(chisq > ochisq) 

{ 

} 

lambda= 10. * lambda; 
continue; 

if(((ochisq - chisq)/chisq) < .00001) 
{ 

} 

lambda = O. ; 
continue; 

if(chisq < ochisq) 
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{ 

} 

lambda= lambda/10.; 
KO= K; GO= G; vO = v; 
ochisq = chisq; 

fprintf(file,"lambda %f\n",lambda); 
fprintf(file,"K,G,v,chisq %15.5f%15.5f%15.5f%15.5f\n",K,G,v,chisq); 
fprintf(file,"\n\txp[ii]\typ[ii]\t\tu\t\terr\n"); 
for (ii=O; ii< N; ii++) 
{ 

} 

X = vO/xp[ ii]; 
u = (K/G)*(pow(x,G) - 1); 
if(yp[ii] != O.) err= (yp[ii] - u)/yp[iiJ; 
else err= 0.0; 
fprintf(file,"%12.5f%12.5f%12.5f%12.5f\n",xp[iiJ,yp[iiJ,u,err); 
q += (yp[iiJ-u)*(yp[iiJ-u); 

fprintf(file,"\n variance is %15.5f\n",q/N); 
/* calculate a file for plotting*/ 

fprintf(file,"\t\t\tPlotting File\n\t\tx\t\ty\n\n"); 
dx = -.01; 
X = X + dx; 
for(x=l.l;x>.69;x += dx) 
{ 

x = vO/x; 
u = (K/G)*(pow(x,G) - 1); 
x = vO/x; 

fprintf(file,"\t%12.5f\t\t%12.5f\n",x,u); 
} 

double fchisq(N,KO,GO,vO,ch) 
double KO,GO,vO,*ch; 

{ 
inti; 
double x,y,yo; 
*ch = 0.; 

/* printf("KO,GO,vO,*ch %10.4f%10.4f%10.4f%10.4f\n",KO,GO,vO,*ch); */ 
/* printf("N = %d\n",N); */ 

for(i=O;i<N;i++) 
{ 
/* printf("\t%10.5f\t\t%10.5f\n",xp[i],yp[i]); */ 

if(xp[i] < l.Oe-10) continue; 
X = vO/xp[iJ; 
yo= KO*(pow(x,GO) - 1.)/GO; 
y = yp[iJ - yo; 
*ch+= y * y; 


