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Bounds on the Elastic Moduli of a Macroscopically Isotropic,
Single-Phase, Polycrystalline Aggregate

1. Introduction

1.1

The Problem

1.2. Included Topics
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Single-phase polycrystals

Isotropic aggregates

Voigt-Reuss-Hill averages

Hashin-Shtrikman bounds

POLYXSTAL by J. P. Watt for calculating H-S bounds

Excluded Topics

Multiphase aggregates: I will not consider rocks containing multiple mineral phases, or
isotropic phases in an isotropic matrix. The latter include common engineering compo-
sites, which are a very important class of materials.

High-order bounds on moduli of isotropic aggregates.

For those who are familiar with the many-body problem in solid state physics I offer this
analogy. The Voigt-Reuss bounds are like a Hartree calculation of the energy and
wavefunction of a crystal. The Hashin-Shtrikman bounds are like a Hartree-Fock (H-F)
calculation for a crystal. Using a Green’s function formalism, the H-F calculation can be
cast as the first-order approximation to the energy and wavefunction of a crystal, and
higer-order terms are readily defined but not-so-readily evaluated. Similarly, the V-R
and the H-S bounds can be cast as first- and second-order bounds, respectively, on the
effective elastic constants of a macroscopically isotropic aggregate. [ think that the
many-body problem formalism has been applied to the present problem, which would
make the analogy exact. (We will see a Lippmann-Schwinger equation.)

Moduli of anisotropic aggregates

B. and C. require more information about the constitution of the aggregate than I will
assume is known. The acquisition and use of this additional information comes under
the heading of Texture Analysis (see Wenk, 1988 and references therein).

Properties other than elastic; e.g. dielectic constants, electrical or thermal conductivity,
permeability
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Phys 592, Spring 1989 John Aidun

Bounds on the Elastic Moduli of a Macroscopically Isotropic,
Single-Phase, Polycrystalline Aggregate

1. Introduction

(Willis, 1981; Hill, 1963b)

The detailed problem of elastic composites is to determine the stress and strain fields
throughout a body containing arbitrary concentrations of components with arbitrary
geometries, but all being firmly bonded together. This is accomplished in principle by solving
the force balance equation div o + f = 0, _f_'gr specified traction and displacement boundary
conditions (B.C.). o is the stress tensor and f are body forces. For composites with linear elas-
tic constituents, this equation is solved together with the local constitutive relation
oy; = CTim ey , which relates stress to strain within component r of the composite. (Summa-
tion over repeated indices is assumed, except where noted.) This problem is intracable, but
then again this is the age of computers. . . . More important, the solution, were it known, would
provide too much detail for practical application. Hence we concern ourselves, instead, with
finding the dependence of macroscopic elastic moduli, which characterize an averaged stress-
strain relation, on the properties of the constituents of the composite and the composites
microstructure (the size, shape, concentration, orientation, and distribution of the consti-
tuents). This restricted version of the problem is more tractable, and of more practical
interest.

In these lectures we will consider only one special composite material; namely an aggre-
gate of crystals all of which have the same structure and chemical composition - they are all
the same thermodynamic phase. (Geologists refer to such aggregates as monomineralic rocks.)
One further restriction will be that these single-phase aggregates contain many crystals
(equivalently, the crystal size is small compared to the specimen size), and these crystals are
randomly oriented. These restrictions render the aggregate macroscopically isotropic.

Because we are only concerned with macroscopic properties of the aggregate, calcula-
tions or measurements must treat a volume of the material that contains enough crystals in
enough orientations for the effective moduli to be essentially independent of sample size. The
above restriction to random polycrystals insures that this condition will be fulfilled for all cal-
culations. In making measurements, sample size would need to be varied to establish that suf-
ficiently large samples are being used.

For an indication of the scope of the problem of describing composites, see the accom-
panying outline for a list of the topics that will and will not be covered in these lectures.
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Thus the volume-average stress components depend only on the surface tractions, and the
volume-average strain components depend only on the surface displacements.

(ii") The EEC of a polycrystal can be deﬁned In terms of the average strain energy by anal-

ogy with the single crystal relation U = L 7¢ = —21;- cCe

If the EEC defined by (i" ) and (ii’) are equ:valcnt we can substitute o for Ce Wthh
leads to U = ? o & Thus these definitions for the EEC are equivalent when o; ¢; = o, 5

Hill (1963b) demonstrated that this relation holds for two particular types of B.C.’s. For
these two types of B.C.’s, the volume average of the product of the stress and strain separates
into a product of the volume averages of the stress and the strain because, on the surface of
the sample, the strain or stress components take on their respective volume-averaged values.
Hill refers to a homogeoneous comparison body in his presentation of the two B.C’s. This is
not necessary, but the set of B.C.’s of each type are most easily described with reference to a
homogeneous comparison body.

B.C. 1 Let the polycrystal be subjected to prescribed surface displacements that would gen-
erate a spatially uniform strain, e;;, in a homogeneous (and possibly anisotropic)
material. Then ¢;; is the average strain in the heterogeneous polycrystal.

This result can be easily understood. We are specifying geometrically simple displace-
ments on the surface of the polycrystal, for which the volume-averaged strain components can
be determined by inspection. For instance, these displacements could consist of reducing one
linear dimension of a cubical polycrystalline specimen (unaxially straining the specimen). The
volume-averaged normal strain along this compressed dimension is then the fractional change
in length, and the volume-averages of the other strain components are all zero. Because the
volume-averaged strain components are determined by the change in surface geometry (size
and shape) of a body, they will be the same for any other body having the initial dimensions
as our polycrystaliinc specimen to which we apply the same surface displacements. If the com-
parison body is homogeneous, then, from what we mean by "geometrically simple d;sp]ace-
ments,"” the strain components in the body are spatially uniform.

To show mathematically that the volume-averaged strain components in the polycrystal
are equal to the respective strain components in the homogeneous body, we need to show that
the volume average of the variations of each strain component from its average value is zero.
Though this follows directly from the meaning of "variation about the average value," I
demonstrate it in the following equations to illustrate the manipulation that will be used again
to show that U = —;— e

_ i 5 CI “J:'S T 3
E.. = ?g étj(x.\ti X = ¥ V[ej+(éﬂ(x) aj[lcl .

‘) v

e:: \-/-Svﬂzé(x)—e }Ax

et é—{&(u n'+un)cls @(M ne V‘)lg
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At static equilibrium Gauss’s theorem provides
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Thus, again the EEC defined from (i) the average stress or (ii") the average strain energy
density are equivalent.

Several points should be made:

(A) These equivalences hold even when the loading is only ’macroscopically uniform’; ie,,
fluctuating about a mean with a wavelength that is small compared with the dimensions
of the sample. For such loadings (Saint-Venant’s principle provides that) the effects of
the fluctuations become insignificant within a few wavelengths of the surface. The con-
tribution of this surface layer to any average can be made negligible by making the sam-
ple large enough.

(B) The EEC defined as coefficients of the average stress - average strain relation can, under
ideal conditions, be determined from tests that can be routinely performed. (See Spetzler
et al, 1972, concerning the difficulty of obtaining "ideal" conditions.)

(C) It is desireable to define the EEC as coefficients of the average strain energy density
because it allow bounds on the values of the components of C to be constructed.

(D) The EEC defined by (i') and (ii’) are not equivalent when static loads are applied that
do not satisfy B.C.l or B.C.2. Hence, the EEC defined by (i) or (ii)) when B.C.1 or
B.C.2 obtains only serve to characterize the polycrystal to an extent. They may not be
useful, for example, for describing a polycrystal’s response to a load that is applied over
a small area of its surface.

Willis (1981, p.10) states: "Indeed, the two separate boundary [conditions] would yield
different values for C, if applied to an arbitrary inhomogeneous medium. It is plausible .
.. that [(i')] describes ’average’ composite behavior when arbitrary boundary conditions
are applied and the extent to which [B.C.1 and B.C.2] generate estimates of C that are in
agreement might be regarded as a partial check on the validity of the 'overal modulus’
concept." The EEC defined by (i') with B.C.1 or B.C.2 ". . . agree for periodic compo-
sites in which, away from a boundary layer close to [the surface], they both generate
periodic stress and strain fields with mean values e and s.. . "

To illustrate Willis’s remarks, consider the simple composite of a soft inclusion inside a
stiffer matrix (middle sketch). The result of applying B.C.1 is shown in the sketch at the
left. It corresponds to applying tractions (the arrows) that would not generate a spatially
uniform stress field within a homogeneous material. The result of applying B.C.2 is
shown in the sketch at the right. It produces displacements that would not produce a
spatially uniform strain field in a homogeneous material.

syl Ll
ITD @ CzzrrDd
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2.2. Minimum Principles in Elasticity

(Fung, 1965)

Because elastic response is a nondissipative process, an elastic body is a conservative
system. Hence, linear elasticity is formally concerned with conservative linear forces, and so
there is a strong analogy to the treatments with which physicists are familiar of the linear con-
servative forces of gravity, electrostatics, and magnetostatics. (For example, in elasticity, as in
mechanics, an energy functional exists and the response can be described by a potential.) The
analogy is perhaps strongest with electro- and magnetostatics in a medium, where they become
tensorial in character, as is elasticity.

In particular, just as the second-law force balance differential equations of mechanics
can be recast through Hamilton’s principle as a completely equivalent variational calculus
problem fo finding the extremum of a functional, the force balance equations of elasticity can
be recast as energy minimization problems. Our present interest in these miminizations princi-
ples was alluded to in comment (C) above. Because the variational principle identifies the
minimum of the strain energy with the solution to the force-balance equations, we know that
any approximate solution to the force-balance equations will correspond to an upper bound on
the strain energy. Consequently, because useful EEC can be defined in terms of the average
strain energy, any approximate solution to the force-balance equations can be construed as
bounding the values of the EEC. While explicitly solving the force-balance equations and then
determining values for the EEC’s is generally to involved to be performed and too detailed to
be useful, bounds on the EEC’s can easily be established through application of the variational
principles.

We will be concerned with two minimum principles. For both principles we consider an
elastic body in static equilibrium under the action of specified body and surface forces. The
boundary surface S is assumed to consist of a part, S,, over which surface tractions are
prescribed, and a separate part, S,, over which displacements are prescribed.

1.) Minimum Potential Energy Principle:

Assume there exists a displacement field %(X) satisfying the equations of equilibrium and
the given B.C.’s. Consider arbitrary displacements, (i’ + 6u}, that are each consistent with the
B.C.’s; the virtual displacements, §u(x), must vanish over S, but they are arbitrary over S,.
Further, to apply variational calculus, they must be sufficiently smoothly varying (they must
be triply differentiable).

Upon calculating the virtual (elastic) work associated with the virtual displacements,
invoking the equilibrium condition along the way, on finds that the potential energy, W(e,;), of
the body is stationary with respect to variations about the equilibrium displacement field by
virtual displacements of the specified type.

In other words,

Of all displacements satisfying the given B.C., those that satisfy the equations of
equilibrium correspond to a stationary value of the potential energy.

This principle is valid for nonlinear, as well as linear, elastic bodies. Further, because the
strain energy function is positive definite, it can be shown that the stationary value it achieves
is a minimum, but only in a neighborhood of the stable natural (unstrained) state. (The formal
condition defining the neighborhood is that the potential energy remain positive definite, It
seems to me that this obtains as long as the material remains elastic.)
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3. Voigt and Reuss Effective Moduli

(Hill, 1952)

In 1928, W. Voigt estimated the EEC of a random polycrystal by éwcraging the stresses
in each single crystal. He took the stress in each single crystal to be given by Hooke’s law (i)
and the strain to be the macroscopic applied strain. Thus, Voigt’s procedure assumes that the
strain is uniform throughout the aggregate.

In 1929, A. Reuss estimated the EEC of a random polycrystal by averaging the strains in
each simgle crystal. He took the strain in each single crystal to be given by Hooke’s law (i)
and the siress to be the macroscopic applied stress. Thus, Reuss’s procedure assumes that the
strain is uniform throughout the aggregate,

3.1. The Voigt and Reuss Averages as Bounds on the EEC’s.

(Willis, 1981) ;

The relations developed above establish that Voigt’s and Reuss’s estimates for the EEC’s
of a random polycrystal are upper and lower bounds, respectively. The observation that these
are bounds is due to Hill (1952). His proof involves an application of Maxwell’s reciprocal
relation, and appeals to the earlier results from Bishop and Hill to establish that ge = o .

First, consider the polycrystal subjected to B.C.1 with no body force present. Then the

principle of minimum potential energy provides that the actual displacement field within the
specimen minimizes the energy functional

U~ = TI{; f € 5(%) Cyu® eu® d3x
v

where ¢ is the strain associated with the displacement field u’(¥), and Cyuy e’y is the
corresponding stress field. Applying Voigt's assumption, we take the strain to be uniform
throughout the specimen (equal to ¢,;) and obtain the inequality

U< # €5 [{Cijﬂ(m d®x |ey

IA

1 v
) g C i

The equality holds only if the assumed strain field is the actual one.
Substituting the EEC defined from the volume-averaged strain energy (ii") on the left
provides

v

1= = = .1
5 €5 Cigm € < 7 € C ym en

equivalently,

Cou < CViu

Hence the Voigt average for the EEC provides an upper bound on their true values.

Note that we have not restricted the nature of the aggregate in any way. It should be
remembered, however, that the inequality compares one aggregate having within it the actual
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c ’:':'kl = Qim Qjn Aikp Atg Connpg

[a;{X)] is the rotation tensor relating the coodinates of a partxcula: crystal to the laboratory
coordinates. Because the distribution of crystal orientations is taken to be unifdrm, in per-
forming the integration each element, a,,, takes on every value in the range (-1, 1). The orien-
tational average of C’ i 1S thus equivalent to a 9-tuple integral over the range of values of
each rotation tensor element. Substituting for C~ ok We have

1

1
1
"k-l = ‘grf 255 fda33 Qim Ajn Akp dig Cnmpq
-1 -1

For example,
1

1 4
CYiun = N [day ... [ dass (Cia*yy +2C12a% 1825 + 2C13a%110% s
-1 -1
+ 4Cuazna12a13 k. SR 8C’56a2ua 12413 + 4C“azn_a’u)

The integrations are coupled by the geometrical relations among the aj;,
Qg A = by = Qi Agy

(eg. a?, +a?a+a%s=1% +m? +n? =1, wherel, m, and n are direction cosines, and
@11 821 +A1205 +a;3a23=0)

All products containing odd powers of a,; are odd functions, which integrate over the sym-
metric limits to zero. Consider, for example,

fffa211 a1z dia dall dalzdais
4

The one relation between these three elements, given above, leaves the values of one of them,
say a,q, free to vary. For each value of a,, integrate over all allowed values _of a;; and a;3

[day, [aaday [das [1 —0312—0213] a3 =

a23 .
Idan famdﬂm 1&1 —0212]] 21 - %‘a‘isk =0

-1

For products of just two elements, the integrals are unconstrained; e.g.,

1 2 1
d713
f faauals dayda;; = fa311 day, [ 3 ] =0
-] ‘L

Unless written explicity in terms of rotation angles, as Markham (1962) demonstrates in
an appendix, some tricks are needed to calculate terms like

—_ 2
<a?ja?,> = 20 f f f day dayg da; a®yy a?y;

From the identity given above, we have
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contributions from differently oriented crystals. Further, because the linear invariants of the
elastic constant t.CDSOl: constitute the isotropic tensor of EEC’s, they must be equal to the
respective linear invariants of the isotropic tensor of EEC’s.

First, we identify the linear invariants of the fourth rank SOEC tensor as combinations
of SOEC’s that are unchanged by rotation of coordinates
Cl,'ﬁ = Qim a,',. akp a;q Cmnpq
For instance, C '.:.y isla linear invariant if upon evaluating the right hand side of the above

expression we have C gy = Crmpg. Recalling that ag ag = 6 = ay ai; , a moments inspec-
tion leads to the the linear invariants

C #i7 = Qim din asp Qasq Cm,,pq

= bmn Spg Crnpg = Crnmgp = 34 + 6B
C i = Qim Qjn Aip Q3 Crmnpg

Because the isotropic EEC tensor contains only two independent elements, only two linear
invariants are needed to carry out Leibfried’s procedure. Equating the linear invariants of the
single-crystal tensor and the isotropic EEC tensor, we have

CVijs = Cajs
3CY11 +6CY12 =C11 +Cap + C33 +2(C1a + Cas + C31)
and
CVisis = Cisij
3CY11 +6CY4 =C11 +Caz + Ca3 + 2(Cyy + Cs5 + Ces)

Solving for C Y3 and €Y}, recovers the results already obtained:

e T 4_15_ (3Cxj; + 6Cisiy) = % (34 + 2B + 4D)

C¥13 = o= (6Cis5 = 3Ci) = + (4 + 4B — 2D)

Calculation of the Reuss average for the EEC is formally identical to that for the Voigt
average, but instead of averaging the elastic constants, average the elastic compliances. The
resulting expressions for the moduli are

[;_R=Sll +S22 ‘+‘833+2(Slz +823+SSI)
15

G_R=4(Sn + 822 + S33) —4(S12 + S23 + S31) + 3(S4q + Ss5 + Ses)

3.3 Hill’'s Comments on Voigt’s and Reuss’s Assumptions

Hill (1952) points out that Voigt’s assumption of uniform strain is usually not realized in
a polycrystal because the forces between the crystals are not in equilibrium. Reuss’s assump-
tion of uniform stress is usually not realized in a polycrystal because the distorted grains could
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The Cauchy relations reduce the number of independent SOEC of the lowest symmetry class
from 21 to 15. These relations hold for central-force solids only at T = 0 K, and P = 0.

3.4C. Poisson’s Ratio for an Aggregate of Cubic Crystals

(Ledbetter, 1973; Jaeger, 1962, Jaeger and Cook, 1979)

For a cubic crystal, the Cauchy relations reduce to C;3 = Cy4, and at finite hydrostatic

pressure, P, this relation becomes (I have been unable to relocate =
' _ _ citatisn of thwis reletiom Cor Px 0. In
Crp—CLa =F Som@ old wotes T odtriby+ed (F fo
:ra.tﬂer, (62.)

This implies that at P = 0, Poisson’s ratio, which is the ratio of lateral expansion to longitudi-
nal contraction under a condition of unaxial longitudinal stress, equals v = 0.25 and the solid
is described by Poisson’s relation A = G = (C1y + 2C13)/5, where A is a Lame ~ constant,

A rule of thumb for geophysicists and rock mechanicists is to take v = 0.25 for rocks
(they are then called Poisson solids). Ledbetter (1973) cites references to support that
Poisson’s ratio of central-force polycrystals is widely accepted to equal 0.25. (I expect that the
geophysicists rule of thumb developed from accepting that the rock-forming minerals are rea-
sonably well described as ionic solids and hence central-force solids.)

From the above expressions for the Voigt and Reuss averages for the EEC of an aggre-
gate of cubic crystals, we see that for an aggregate of cubic symmetry, central-force crystals, the
ratio of the Voigt moduli is K ¥/G Y = 5/3, which corresponds to v = 0.25.

Vo 3&k¥GhH-2 _ _5-2
T2(KY/IGYY+ 1] 2(5+1)

However, GV is only an upper bound on the effective shear modulus of the polycrystal, mak-
ing 0.25 a lower bound on v. A lower bound on the shear modulus, provided by the Reuss °
average, leads to a upper bound on v of 0.356. From this we expect v to generally be greater
than 0.25. Ledbetter states that v generally exceeds 0.25 for central-force polycrystals, but I
am uncertain whether this comment is restricted to aggregates of cubic crystals only. He
correctly notes that the deviation of v from 0.25 in polycrystals does not gauge the magnitude
by which the Cauchy relations are violated in the individual crystals. Futher, he notes that at
finite temperature (and pressure) the observation in a single crystal that Cy, # Cy4 does not
necessarily prove the existence of non-central forces. And finally, when crystals are combined
randomly into an aggregate they are likely to have initial states of stress due to being made to
fit together. As noted already, the Cauchy relations listed above do not hold for stressed crys-
tals. Hence, this is one more reason why the value of v in a polycrystal does not indicate a
presence of absence of non-central forces in the individual crystals.

=0.25

3.5. Crystal Anisotropy and the Separation of the Voigt and Reuss Bounds

(Hill, 1952; Barsch 1968)

The approximation of uniform strain or stress in an aggregate becomes poorer the greater
the anisotropy of the constituent crystals. Hence the bounds established by the Voigt and
Reuss values of the EEC’s are spread further apart for more anisotropic crystals. For cubic
crystals the anisotropy is conveniently gauged by Zener’s (Ledbetter, 1973) elastic anisotropy
factor
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, With =€ + € + €

__P A
AV]V vV

For hydrostatic pressure loading, we have oy =o; =03 =P , and o, = oy =og =0 . The
strain is given by

€
€2

€3
el [S""]

€5

_'coc'x,»uw‘_-}

€

El+€g+€3=[511 +S22+S33+2(Sn+833+831)]P

1 AV/V _ @t et e

K P P

1

=Sll+S22+S33+2(512+S23+531)=F

Similarly, in the crystal coordinates taking ¢; = €; = ¢3 = ¢, and ¢, = e5 = ¢g = 0 leads to

.;.Um= [Cu + ng -+ C33 + Z(Clg =5 Cga + C31)] 6/3

1

- mm
K_-—-_KV=_€ :é +€ =_.;.{C11+C22+C33+2(C12+C23+C31)]
1 2 3

The Voigt average for the bulk modulus corresponds to the volumetric response of a single
crystal to a purley isotropic deformation. However, this configuration cannot be easily pro-
duced experimentally.

3.8. Reuss Averages in Nonzero, Hydrostatic Pressure

In using the Reuss moduli, it should be kept in mind that the relations to invert Reuss
“compliances

CR,'J:,M Snma = Iiﬁ

must be generalized for nonzero pressures. In making this point, Barsch (1968) references
Thurston (1965). I have not yet pursued the details of this generalization, and though it was
overlooked by Rao and Padmaja (1987), the complications that develop in trying to determine
EEC from stress-strain measurements [Spetzler et al, (1972), discussed below in section 6.2]
probably make the correction small compared to other uncertainties,
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4. Hashin-Shtrikman Bounds on the EEC of a Random Polycrystal

In 1962 Hashin and Shtrikman (HS) presented a variational principle with which bounds
on the EECs of a random polycrystal could be estimated. The HS variational principle can be
shown to be a special case of the principles of minimum potential energy (in case of infinitely
large K* and G*) and of minimum complementary energy (in the case of vanishing K* and
G*). Earlier we used the principle of minimum potential (complementary) energy in combina-
tion with a trial strain (stress) field obtained by adopting Voigt’s (Reuss’s) assumption of uni-
form strain (stress) to establish the Voigt (Reuss) averages for the EECs as the upper (lower)
bounds on their respective values. The form of the HS variational principle makes it possible
to use a trial strain (or stress) field that is a better approximation to the true field in a random
polycrystal than the trial solutions of uniform strain or uniform stress. Consequently the HS
bounds are closer to each other than are those provided by the Voigt and Reuss averages for
the EECs.

4.1-2. Derivation of the H-S Variational Principle

(Willis, 1981 and 1977; Hill, 1963a; Hashin and Shtrikman, 1962a)

For an inhomogeneous, linearly elastic body, the force balance equation (FBE),
oij,§ + fi = 0, becomes

% [ Cimu(X) [uk,xﬁ’) g uu.(i)] ],,‘ + (D=0

Because the elastic strain energy is a positive definite quantity, the SOEC tensor, Cy, is sym-
metric with respect to interchange of k and /. Using this symmetry property, the FBE
becomes

(Cont® ui®)] + 1@ =0

Compare this with the FBE for a homogeneous, linearly elastic body

Chim 4P (X)) + f(X) =0

We can express the force balance in the polycrystal as an inhomogeneous FBE in the homo-
geneous body.
Crim ur 1 (7) + f(R) = - [ [C-‘,'u(?) = Chs‘jkl] uk.!] ,

W7

The right-hand side of this equation can be regarded as an effective body force. Because the
forces are linear, this equation can be solved by finding the Green’s function, G (X, %), for
the homogeneous body. The Green’s function is the displacement field produced by the appli-
cation of a unit magnitude body force at a point within the body. The clastic Green’s function
is the solution to

Clim Gipis (B R ) + 6, 8x =% )=0, inV

Gi(%, ¥ )=0, onS
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yields the following expression for the EECs
CHM= C 5 + <RGR>

¢

Middya, et al. (1985) give explicit expressions, to second order, for €™ in terms of SOEC of
crystals of orthorhombic, trigonal, tetragonal, hexagonal, and cubic symmetries.

Returning to our main purpose, recalling the definition of Rm, we can define a stress
polarization tensor

Pii(X) = 0ij — Chi ey = Ry eu
A difference strain tensor is then obtained from the preceding integral equation.

€ () = eij — Py = ‘,{,riﬂd(}:?')l’u@’)dsx'

In section 2.1 we established that when displacement B.C.] is imposed, then the difference
strain represents the deviation of the local strain from the mean value. We will only need to
consider B.C.1 to develop the HS bounds on the EEC, and so I will denote e}',-,- by ey; , hen-
ceforth. Substituting ¢ = H p in the last expression, where H is the inverse of R
(Hipq Rpga = Iim , see p.10), yields the integral equation for the stress polarization.

eij = Hig pu(@) + {l‘fﬂ(?,?' Yo ) d3x’

We show next that this equation is the condition that the value of functional J is an
extremum, where

J== 2% H{,‘u@Pu@—f’q(?)—zes'j d®x
v v

To verify that the integral equation for p;; makes J an extremum, we will calculate its first
variation using functional derivatives.

First, a word about functional derivatives. They are a short-hand notation for evaluating
the effect of a variation of a function on the value of a functional. For example, consider the
Lagrangian, L, of a continuous system with Lagrangian density, A, and generalized coordi-
nates and momenta g{x) and g(x), respectively.

L = [ Ag(x), g(x)] dx

Making a small change in the function q(x), such as we would consider in the context of the
calculus of variations, we have for the first variation of L

6L =L(q + &, q) = L(q, q)
6L

—([a +6,'—A,']dx= L sa(x’)dx
f[(q g, 4) — Alg, q) e
where functional derivative is defined as

L _ tim
bg 1

Alg + 8g, ) — Mg, ¢}
5q

This definition provides
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8 = %—J_. d%’ {Hmu(?' Youl® ) + [ Tpqul®', T ) pul(@ ) d¥x v — 2e g
Vn

+0iR) |Hypg® ) + vj:f' Tip® X)) d3x*| b 8p(®)

Renaming some dummy indices and the integration variables, and using the symmetry pro-
perty Hyw = Hugy » which follows from the same symmetry property possessed by the SOEC
tensor, Cyu » leads to

6 = -27- fdax [H.','H(?) oul®) + {L Tiu(®, ¥ ) pu(® ) d%x " — ey 5ppg(X )
v

When the stress polarization field is chosen to make the value of J an extremum, éJ vanishes.
Hence, the condition that J is an extremum is the vanishing of the integrand in the above
expression

Hiu(R) pu(X) + ‘,L | A ¥ ) pu(® ) dx - e =0

This is the equation derived above as the FBE in an inhomogeneous, linearly elastic body.
Hence, we have shown that the stress and strain fields that satisfy this equation are the fields
that make the value of J an extremum. Denoting the fields that satisfy the FBE for the
prcscripcd B.C.s with asterisks, the extremum value of J, determined by substituting e',-J- for
Houp u,is

extrem (J) = — %, f p ';,{J'C’) é;d%x = 117'f [C".—,—u € (%) - o',-,(y_c’)] ey d3x
v v
== e,-,-ﬁc",-,-u [€u@ d*x = [0 ;&) d%#
v v
= Ch,'ju Cij Ert — E‘-,-'e'.-,- = 2(Uh - (_])

where I have used the equality 7 ¢ = 7 € , which was established earlier for the types of B.C.s
under consideration. Rearranging this result and substituting for J yields the Hashin-
Shtrikman strain energy functional

U,=U"- # Pi(%) [H (%) pu() — € 4(X) =2 "—’-‘:‘] dx
v

where U, is stationary and equal to U when p;; =p yand e ;=€ .
To identify what kind of extremum J achieves, consider the integral

A = —LV [ 2@ e (D d°x
Vv
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4.2 Application of the Hashin-Shtrikman Variational Principle

(Hashin and Shtrikman, 1962b; Watt, 1979 - referenced in Watt, 1987)

To reduce the possibility for confusion, I remind the reader of the meaning given to the
volume, V, on p.l, which obtains thoughout these notes. HS (1962b) express it in explaining
what they mean by saying that a random polycrystal may be regarded as quasi-homogenous:
"Let any cubical element of the body be taken, that is large in comparison to the crystals yet
small in comparison to the whole body. Then the mean value of a quantity such as strain or
stress, is the same for the whole body and for the cubical element.” They refer to such a cubi-
cal element as a reference cube, while Hill (1963a, b) refers to it as a representative volume. In
analogy to continuum theory for a homogeous body, in which a unit volume is defined that is
small compared to the body but contains a sufficient number of atoms that it can be well
represented as being a homogeneous continuum, this reference cube is the unit volume when
the polycrystal is treated as being quasi-homogeneous.

One further item to note is that HS (1962b) express B.C.1 compactly and without refer-
ence to a homogeneous comparison body:
The surface displacements are given by u; (on §) = eij Xj ,
where the e;; are constants, and the x; are the cartesian coordinates of the surface points
referred to a fixed coordinate system. As the earlier version of B.C.1 conveyed, if these sur-
face displacements are applied to a homogeneous body, the strain field throughout its interior
is uniform and equal to ¢;;, while in applying them to an inhomogeneous body, e;j is the mean
value of the strain component ¢;; in the body.

To apply the two inequalities obtained above to bounding the values of the EECs, I first
rearrange them into the forms given by HS. When R is positive definite,

U> U,=U"*- z_lv' fpn'j [H-':u Pu—€ 5— 2“—’-‘:‘] d®x
v

Substituting for ¢ from the FBE yields
U,=U"~ ﬁ fpij [H.'ju P — Hijp pu+ey5—2 E‘ij} d3x
v

— JIh 1 3
U,,—-U +We.-,-{p,-_,vd X
UP=U*+ e By
Note that for B.C.1, E',-,- vanishes, but p,; is nonzero, though its magnitude is smaller the more

isotropic the polycrystal is.

For a random polycrystal, for volumes greater than or equal to the representative
volume, we can equate volume averages with orientational averages by the same argument
used earlier in evaluating the Voigt averages for the EECs. Doing this, U, becomes (see p.10
re: < > notation)

Up = Uk + —:'8.',' <Pi>

which is Eq. (2.24) of HS (1962b). Hence, for positive definite R, the strain energy inequality
becomes

20 -UM 2 ey <pi>

Similarly, the inequality for negative definite R becomes
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reference cube. As noted above, for a random polycrystal, Py = <Py>. The difference dis-
placement field (the deviations from the mean displacements) is expanded in a similar manner.

u ’I'J'(y) = ul{y) = uh;'_f = E ’ u,-""" Cxp(%i Ey )

—C0

Differentiating u (@) yields a series for e ({¥). (When summed over i and j, ¢ (%) can be
taken to be simple u ;; .) The w*™ coefficients are then related to the p;*™ coefficients
through the auxiliary condition, subject to the B.C. that on S, ¢,; = e;.

Substituting the resulting expression for ¢ ;;(%) into the FBE,
Hig ) pu ) — € iX) = eij

which is the extremum condition, yields HS Eq. (2.23),

Hiz (Q) pg (D) = (7 8 i + B Lim ) [pu () — <pu>] = ¢y5
where
a==3/3K* + 4G%, B=a (K" +2G*/ 5G*
and 4= %(a - 35)

This expression is an explicit condition insuring that the piece-wise constant, trial p.{({1) is
consistent with the e;; values. I have followed Peselnick, Meister, and Watt (Watt, 1987) by
using ~ in this equation where HS used «. Though no mention is made of this difference, I
suppose it is due to an algebraic error on the part of HS.

Following Watt, we develop HS Eq. (2.23) into a general expression for ép.-,-> for use in
the two inequalities. Rearranging that equation yields

[Higa (Q) = B iy — v 6;56u] pu(Q) = e — (B i + v 6i56u) <pu>
Defining the coefficient of py as
Aig = Higg — Bl — 76500
and its inverse as By
Bipg Appd = liz
we have
Dij(Q) = Bijpq [€pg — (B Ipga + ¥ 6pgbkl) <pig>]
pij(Q) = Bijpg [€pg — ¥ 6pg <Pk > = B <Ppg>]
and the orientational average is

<Pij> = <Bispg > [€pg — 7 Spg<Pik > — B <Ppe>]

The orientational average of a fourth rank tensor is isotropic and was determined earlier
as the Voigt averages for the SOEC’s. The general expression for an isotropic, fourth rank
tensor that is symmetric in indices ij and also in kl (the symmetry of a SOEC tensor, Ciz ) is
(H. Jeffreys, Cartesian Tensors, Cambridge, 1931, chap. 7) .

<Bim>=DB1 6;6u +2B3 Lim

For comparison, C",-,H , written in terms of Lame’s constants, A and G, is given by
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_ 3 (3B, + 2By) e &y
T 34+ a(3B; +2B,)

<Dy>

where [ have corrected a typographical error in Watt’s Eq. (24). When R is positive definite,
the values of B, and B, provide a lower bound on K,

3e? (3B, + 2B3) 6,5,
3+ a (3B, + 2B,)
3B, + 28,

* 37 a(3B; + 2B,)

92 (K — K% >

K> K"

When R is negative definite, thervalucs of B, and B, provide an upper bound on K,

3B, + 2B,

K <Kh+
=R 3 +a (3B, + 2B;)

Applying B.C.1B, <p,;> becomes
—_— 232 €y
P4> = 1288,

where I have identified <p,, > appearing in Watt’s Eq. (26) as being zero. When R is positive
definite, the values of B; and B, provide a lower bound on G,

s 2B, e;e;
oM prapin B e W
2AG=GYeyey 2 T+ 268,
_ B,
> Gl ————
C 26"+ 128,

When R is negative definite, the values of B, and B, provide an upper bound on G,
B
1 +28B,

Qi

<G"+

4.3 POLYXSTAL: A Fortran Program to Calculate HS Bounds

(Watt, 1987)

For a given crystal symmetry, the values of B; and B depend on K* and G*, only.
Hencc, the HS bounds for K and G are completely determined once values are chosen for K k
and G* The remaining problem, then, is to find the values of K* and G"* that produce the
narrowest bounds for X and G. The details of this optimization, which depends on the sym-
metry of the constituent crystals, have been worked out by Watt for all symmetry point groups
except triclinic in a series of papers referenced in Watt (1987). He has developed the program
POLYXSTAL for optimizing the choice of K* and G*, which he denotes as K, and G, , to
produce the narrowest HS bounds. Here I give an illustration of the procedure for an aggre-
gate of crystals of hexagonal symmetry.

Writing out the elements of the C ".-,a tensor, as in the example above, the tensor R;u
can be expressed as
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Feb 21 12:00 1989 dvtcaco2 Page 1

% é 1 gii iymm print velos , K0, and GO=UO

=trigonal symmetry, 5 materials (pressures)
P = 14.9 kbar, CaCO3 (II) treated as calcite - D. Vo Thanh's Thesis (1981) /for-a}
1.0190 0.3142 0.1642 =0.1458 0.5317 0.3292 2.833 €\ Fl0.6

P = 15.3 kbar, CaCO3 (II) treated as calcite - D. Vo Thanh's Thesis (1981)
1.0478 0.3246 0.2794 =0.1458 0.5767 0.3261 2.828

P = 15.8 kbar, CaCO3 (II) treated as calcite - D. Vo Thanh's Thesis (1981)
1.0820 0.3396 0.3483 =0.1455 0.6338 0.3250 2.833

P = 16.3 kbar, CaCO3 (II) treated as calcite - D. Vo Thanh's Thesis (1981)
1.1299 0.3677 0.3743 =-0.1448 0.6558 0.3251 2.837

P = 16.8 kbar, CaCO3 (II) treated as calcite - D. Vo Thanh's Thesis (1981)
1.1603 0.3857 0.5001 =0.1305 0.6872 0.3268 2.840

{
T . R« = Coy — Gy (49)
TOLYXSTAL é"‘_“"jl‘- b put Res = o5 — Go- (50)
- Using Eqs. (46)~(50), conditions (41)~(45) can be writ-
: ten to yield expressions for the boundaries of each inequality
To run ) ewter output s in K, — G, space in terms of the c;’s only:

HAsxtav FN ery | FN-out

: o8 T I T |. / 7
O‘P)rlw\lua-Jri o~ of The I / ///
g o bouvxé S el } neg. def.
|
B
b
The bounds are now completely determined except for <3
the specification of K, and G,. Using positive (negative) defi- = (53)
niteness requirements of the principal minors of R, the |
following conditions are found: 7 |
Rll> (<)0, (41) '
R+ R;p> (<)0, (42) |
RyRy + R —2RY > ()0, (43} P l
Ry> (<)0, (44) I
1 | Il L
Re> (<) 0, (45) 0 hoz | 04 as
where Go{Mbar)

s FIG. 1. Graph of the positive and negative definite regions for hexagonal
Ru=cu—Ko— iGO' (40) Py (GeD,) (VO.), using Eqs. (41)~(45) and (51)<(55). The ( + ) and ( —)
Ry,=c,—K; +1G, (CY)) signs indicate whether the quantities on the left-hand side of the inequalities

; L ) (41)(45) are positive or negative. The arrows on the G, axis indicate the G,
Ry =c3; — Ky — 4G, (48) values for which the optimum bounds occur.

1527 J. Appl. Phys., Vol. 51, No. 3, March 1980 J. P. Watt and L. Peselnick 1527
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from root Wed Feb 22 13:59 PST 1989
To: jba

Subject: H@gkav program

The program has been copied to the /usr/local/bin directory (same as igraph).
The source is copied in /usr/local/src/hxtave.

The shell script you mentioned is also in /usr/local/bin so that everyone
can use it,

Thanks.





