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► A traditional frequency domain analysis method for PDV signals 
transforms the waveform data into frequency components using the 
discrete time Fourier transform (DFT):
■ Let  𝒙𝒏 ൌ 𝑥଴, 𝑥ଵ, … , 𝑥ேିଵ be our PDV waveform data (voltages), then ℱ 𝒙 ൌ 𝑿 with

𝑋௞ ൌ ෍ 𝑥௡ ⋅ 𝑒ି௜ଶగ௞௡/ே
ேିଵ

௡ୀ଴
■ The inverse transform, ℱିଵ 𝑿 ൌ 𝒙, is given by:

𝑥௡ ൌ ℱିଵ 𝑿 ௡ ൌ
1
𝑁෍ 𝑋௞ ⋅ 𝑒௜ଶగ௞௡/ே

ேିଵ

௞ୀ଴

, 𝑛 ∈ ℤ

■ The Fourier coefficients 𝑋௞ have many interpretations, but a relevant one for this talk 
is:
● 𝑋௞ is the cross correlation (dot product) of the input sequence  𝒙𝒏 and a 

complex sinusoid at frequency ௞
ே

■ That is, when we are interpreting frequency domain transforms of PDV data, we are 
viewing the data as it appears under a decomposition/comparison with respect to a 
discrete collection of constant frequency sinusoids.   

► Accelerating surfaces are common in some PDV applications (Asay
foils/windows, ringing surfaces, HE gas accelerations,…) and manifest 
as dynamically changing frequency PDV waveforms.  
■ Are there advantages in considering non‐constant frequency components as an 

alternative to the DFT? (accuracy, low‐velocity extraction, DFT artifacts)

Dynamic/accelerating surface signals 
ൎ 15000 𝑠𝑎𝑚𝑝𝑙𝑒𝑠 @ 50 𝐺𝐻𝑧
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► A well used and studied (e.g. Dolan 2010) simple model for a 
homodyne PDV waveform of a constant velocity surface is given by:

𝑠௞ ൌ cos 2𝜋𝑓𝑇𝑘 ൅ 𝛿 ൅ 𝜎𝑅௞

■ 𝑓=frequency, 𝛿=phase offset, 𝑇 ൌsample time, 𝜎=noise scale parameter
■ 𝑅௞ could be drawn from a standard normal distribution

► The velocity of the surface is given by the familiar expression:

𝑣 ൌ
𝑓 ⋅ 𝜆

2
► For a heterodyne PDV waveform, we extend the above by adding 

terms to include the baseline frequency 𝑓଴ of the system as follows:

𝑠௞ ൌ 𝐴௦௜௚ ⋅ cos 2𝜋ሺ𝑓 ൅ 𝑓଴ሻ𝑇𝑘 ൅ 𝛿 ൅ 𝐴௕௔௦௘ ⋅ cos 2𝜋𝑓଴𝑇𝑘 ൅ 𝜎𝑅௞

■ 𝐴௦௜௚=surface signal amplitude, 𝐴௕௔௦௘=baseline/reference signal amplitude, 
𝜎=combined noise scale parameter

► The velocity is given by the same expression as above after 𝑓 is 
recovered (and 𝑓଴ removed) using a method such as the DFT.

Waveform model for constant velocity surfaces
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► Consider the instantaneous phase of a general (non‐
constant velocity) PDV waveform: 𝝋ሺ𝒕ሻ.  The instantaneous 
phase is related to instantaneous frequency according to 
the expression:

𝝋 𝒕 ൌ 𝝋 𝟎 ൅න 𝝎 𝝉 𝒅𝝉
𝒕

𝟎
ൌ 𝝋 𝟎 ൅න 𝟐𝝅 ⋅ 𝒇 𝝉 𝒅𝝉

𝒕

𝟎

► Thus, for a homodyne PDV system, a non‐constant 
waveform could manifest according to the following:

𝒔ሺ𝒕ሻ ൌ 𝒄𝒐𝒔 𝝋 𝟎 ൅න 𝟐𝝅 ⋅ 𝒇 𝝉 𝒅𝝉
𝒕

𝟎
൅ 𝝈𝑹𝒌

► The DFT leverages the local approximation of the above to 
a constant velocity/constant frequency waveform (previous 
slide) to identify the dominant frequency and thus velocity 
of the surface. 

Waveform model for non‐constant velocity surfaces

Heterodyne 
has additional 
terms, but this 

is the main 
idea

► Why don’t we brute force extend the 
interpretation of the Fourier coefficients from 
the prior slide:
■ “𝑋௞ is the cross correlation (dot product) of the input 

sequence  𝒙𝒏 and a complex sinusoid at frequency ௞
ே
”

To something like this:
■ For a suitable collection of instantaneous 

frequency functions 𝑓ሺ𝑡ሻ, generate synthetic 
waveforms related to the base form:

        𝒔 𝒕 ൌ 𝑨 ⋅ 𝒄𝒐𝒔 𝝋 𝟎 ൅න 𝟐𝝅 ⋅ 𝒇 𝝉 𝒅𝝉
𝒕

𝟎

and cross‐correlate with our PDV waveform.  
■ Identify the best matching synthetic waveform 

and read off the instantaneous frequency at the 
best‐match location. 
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For a suitable collection of instantaneous frequency functions 𝒇ሺ𝒕ሻ, generate synthetic 
waveforms of the form 𝒔ሺ𝒕ሻ ൌ 𝒄𝒐𝒔 𝝋 𝟎 ൅ ׬ 𝟐𝝅 ⋅ 𝒇 𝝉 𝒅𝝉𝒕

𝟎 and cross correlate with our 
observed PDV waveform.  Identify the best matching synthetic waveform and read off the 

instantaneous frequency at the best‐match location.

► Some obvious questions:
1. What collection of instantaneous frequency functions?
2. Heterodyne would add a lot of complexity, can we handle that?
3. This sounds like argmax extraction, isn’t that worse than Gaussian?
4. Yeah, but this can’t be done efficiently, too much searching/compute!

● Actually, we can compute cross‐correlations super fast, there is a 
math cheat code for computing them…
◙ Not that fast!  We don’t have a supercomputer to do PDV work!!

♦ Hold my beer…
►

► Math “cheat code” for cross correlations:

■ https://en.wikipedia.org/wiki/Discrete_Fourier_transform#Circular
_convolution_theorem_and_cross‐correlation_theorem

Waveform model for non‐constant velocity surfaces

With appropriate zero-padding of two waveforms: 
𝒙𝒏  , 𝒚𝒏  we can obtain cross-correlation results 

without circular-wrapping artifacts:
𝒙′𝒏 ൌ 𝒙𝒏 𝟎 𝒚𝒏
𝒚′𝒏 ൌ 𝟎 𝒙𝒏 𝒚𝒏

𝑐𝑜𝑟𝑟 ൌ 𝑖𝑓𝑓𝑡ሺ𝑐𝑜𝑛𝑗 𝑓𝑓𝑡 𝒙ᇱ𝒏 ⋅ 𝒚′𝒏 ሻ

• Python

corr = scipy.signal.correlate(sig1, 
sig2, method = ‘fft’)

• Matlab:      corr = xcorr(sig1, sig2);

Linear, quadratic, …

Adds amplitude, phase, and baseline frequency 
terms.  Amplitude and phase will need to be part of 

the collection. 

Yes, this is like “higher order” argmax extraction.  
The higher order mitigates the omission of a 

regression step

We can compute a single cross-correlation test in 
𝑁 ⋅ 𝑙𝑜𝑔ሺ𝑁ሻ time where N is the length of the 
reference/synthetic signal we are testing.
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Recommendations (..of where to start, limited by time and 
creativity):
► Relative heterodyne baseline –vs‐ signal amplitude:  𝑨

■ 𝑨 ∈ 𝟏.𝟐𝟓𝒋 𝒇𝒐𝒓 െ 𝟕 ൑ 𝒋 ൑ 𝟕
► Instantaneous frequency rate of change: 𝒇𝟏

■ 𝒇𝟏 ∈
𝟏
𝝀
⋅ 𝟓𝟎 ⋅ 𝟏.𝟑𝒋 ∗ 𝟏𝒆𝟔  𝒇𝒐𝒓 𝟎 ൑ 𝒋 ൑ 𝟏𝟗

► Phase offset between baseline and surface signals: 𝝋𝟎

■ 𝝋𝟎 ൌ evenly spaced from 0 to 𝟐𝝅 in steps of ൎ 𝟎.𝟐

► Synthetic signal (for a choice of 𝐴, 𝑓ଵ,𝜑଴):
■ 𝑻 ൌ 𝚫𝒕 ⋅ 𝒊 𝒊ୀ𝟎,…,𝒏ି𝟏

■ 𝑭 ൌ 𝒇𝟎 െ 𝟏𝟎𝟎𝒆𝟔 ൅ 𝒇𝟏 ⋅ 𝑻
■ 𝚽 ൌ 𝝋𝟎 ൅ 𝐜𝐮𝐦𝐬𝐮𝐦ሺ𝚫𝒕 ⋅ 𝟐𝝅 ⋅ 𝑭ሻ

■ 𝑽 ൌ 𝑭 ⋅ 𝝀
𝟐

■ 𝑺 ൌ 𝑨 ⋅ 𝐜𝐨𝐬 𝚽 ൅ 𝐜𝐨𝐬ሺ𝟐𝝅 ⋅ 𝒇𝟎 ⋅ 𝑻ሻ

Instantaneous function collection (search space)

• Produce constant acceleration synthetic surface 
waveforms with no added noise.

• Clip these to a reasonable velocity range (using V), and 
concatenate if you so desire

• The negative 100 MHz used in the F computation is so 
that we can recover unbiased velocities.  You could omit 

this to force positivity, but you shouldn’t do that.
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One final surprisingly useful trick
►The synthetic waveforms were detrended (subtract mean) 

and “binarized” using the sign function prior to cross 
correlation:

𝑠𝑖𝑔𝑛 𝑥 ൌ ቐ
1 𝑥 ൐ 0
െ1 𝑥 ൏ 0
0 𝑥 ൌ 0

►This resulted in improved and more robust cross-correlation 
statistics.

►Attempts without this transformation resulted in many 
outliers in the recoveries because the cross-correlation 
scores can be impacted/inflated by fluctuations in waveform 
amplitude. 

►There is probably a better normalization based approach 
than this? Thoughts?
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► Constant jerk (linearly accelerating) surface.
■ Use a quadratic term in the computation of F on the 

previous slide. 
■ Tested noise‐free, 0.1, 0.5 proportional noise levels 

(compared to the heterodyne baseline signal amplitude)
■ Tested a relative signal amplitude of 0.1, 0.333 (10% 

and 33.3% that of the heterodyne baseline signal)
■ Extended as well as shortened search spaces for the 

instantaneous frequency function collection.
■ Between 2‐minute and 10‐minute computation time 

(single core)
■ GPU accel is possible: potential for 100x speed‐up
■ 1024 and 4096 waveforms samples per recovery were 

investigated
■ Can make use of velocity bounds (ROI) to decrease run 

time and outliers:

● Spurious pre‐motion velocities
●Harmonics

Tests on synthetic data (known answer)
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Tests on synthetic data (known answer): extractions
1024 samples 4096 samples

Error
Error
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Tests on synthetic data (known answer): waveform comparisons
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More Noise (5x), quick vs extensive search
Smaller search space, 4096 Larger search space, 4096

Waveform comparisons
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► Constant jerk (linearly accelerating) surface.
■ STL Foil fielded on coupon experiment
■ Used smaller search space for the instantaneous 

frequency function collection.
■ ~2‐minute computation time (single core)
■ 4096 waveform samples per recovery
■ Made use of max/min velocity bounds (ROI) to decrease 

run time and outliers:

● Spurious pre‐motion velocities
●Harmonics

■ Bandpass filtered the input waveform to remove high 
and low frequency components (harmonic of the 
heterodyne baseline appeared above the foil)

Tests on real Asay foil data
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Tests on real Asay foil data

Velocity recovery, smaller search space, 
4096
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Tests on real Asay foil data
Velocity recovery, smaller search 

space, 4096
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Tests on real Asay foil data
Waveform comparisons

Low-velocity recovery and detial

We could extract the 
recovered signal and 

obtain a residual 
waveform!!!  Could 
this tell use more 

information (multiple 
surfaces, fractures, 
multiple velocities)
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► The Exhaustive cross‐correlation methodology is 
robust to the tested noise levels and performs on 
real foil data (med‐good SNR)
■ Need more testing on low‐SNR and atypical surface features

► In rapid accelerating surfaces does this method 
out‐perform traditional approaches?
■ Ringing, some foils/windows, HE drives
■ Can prevent too‐long FFT windows from negatively impacting the analysis 

results

► Include a battery of constant velocity synthetic 
waveforms in the instantaneous frequency 
collection.  

► Deceleration needs to be added for ringing 
(doubles the search space).

► Hypothesis:  traditional FFT‐based extraction will 
returned slightly biased results in accelerating 
surfaces, this method could reduce that bias.  

Conclusions and next steps
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Questions?

Thank you for your 
consideration!

Contact: 
Daniel Champion:
champidj@nv.doe.gov


